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A B S T R A C T

Although multilayer films widely exist in micro/nanoelectronics and thermoelectrics, the underlying mecha
nisms of interfacial phonon transport in such structures remain elusive. The present work systematically in
vestigates the impact of interface roughness on cross-plane interfacial phonon transport in multilayer films. To 
achieve this goal, the discrete ordinates method schemes for interface treatment considering spectral specularity 
and spectral transmissivity, and for cross-plane interfacial phonon transport across multilayer films are con
structed, and validated against Landauer formalism, experiments and Monte Carlo method. Then they are applied 
into the investigation of roughness dependence of the cross-plane thermal conductivity and thermal boundary 
conductance in multilayer films. Considering the identical interface roughness for all interfaces, the cross-plane 
thermal conductivity is found to vary differently with interface roughness from bilayer films, attributed to the 
spectral feature of interface transmissivity. Considering the nonidentical interface roughness for all interfaces, 
the cross-plane thermal conductivity is found to be affected significantly differently by different interfaces, 
attributed to the spectral feature of interface transmissivity as well. And thus setting nonidentical interface 
roughness is proposed to more effectively manipulate the cross-plane thermal conductivity of multilayer films. 
For both identical and nonidentical interface roughnesses, it is found that the thermal boundary conductance of 
each interface varies significantly differently with the roughness of different interfaces. This phenomenon is 
explained by analyzing the spectral interface transmissivity and the interface scattering strengths along the same 
and opposite directions of heat flux.

1. Introduction

Phonon transport in multilayer films has attracted great attentions 
owing to its crucial role in the thermal management of micro/nano
electronics and the optimization of thermoelectrics [1–3]. Increasing 
thermal conductivity is pursued to efficiently dissipate waste heat in 
electronics, whereas lowering thermal conductivity is desirable to 
enhance the performance of thermoelectrics [4,5]. In multilayer films, 
interfaces play an important role on affecting phonon transport by 
posing non-negligible thermal resistance, called thermal boundary 
resistance [2,6]. The mechanisms of interfacial phonon transport remain 
elusive at micro/nanoscale, where the classical law, Fourier’s law, may 
fail [7]. Therefore, for highly efficient thermal management of micro/
nanoelectronics and further optimization of thermoelectrics, it is urgent 
to uncover more knowledge about interfacial phonon transport in 
multilayer films.

A phonon incident on the interface will either transmit across it or be 

reflected. The transmissivity is taken to quantify this process, defined as 
the probability of a phonon transmitting across the interface. Two 
classical interface models were developed to calculate the trans
missivity, namely acoustic mismatch model (AMM) and diffuse 
mismatch model (DMM) [8,9]. AMM assumed the interface being 
completely smooth and the phonon as the plane wave being completely 
specularly scattered by the interface, more suitable at low temperatures 
[8]. DMM assumed the interface being completely diffuse and the 
phonon as the particle being completely diffusely scattered by the 
interface, working better at high temperatures [9]. AMM or DMM 
cannot accurately describe the interfacial phonon scatterings in real 
situations, where the interface is neither completely smooth nor 
completely diffuse. Accordingly mixed mismatch model (MMM) was 
developed to account for the partial specular and partial diffuse phonon 
scatterings at interfaces through introducing the specularity, the prob
ability of the specular scattering, which was related to the interface 
roughness [10]. These interface models treated the specularity and 
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transmissivity as the gray [8–10]. However, both experiments and 
theoretical calculations have demonstrated that the specularity and 
transmissivity strongly depend on the phonon frequency [11–13]. Thus 
many interface models for either spectral transmissivity or spectral 
specularity were developed, better predicting the measured thermal 
boundary conductance and transmissivity but not in accordance with 
the principle of detailed balance [14,15]. Recently, spectral mixed 
mismatch model (SMMM) was developed to account for both spectral 
specularity and spectral transmissivity, which also satisfied the principle 
of detailed balance [16]. Thereby the present work will adopt SMMM to 
quantify the interfacial phonon scatterings in multilayer films.

Previous studies have found that coherent and incoherent phonon 
transport exist in the small- and large-scale multilayer films, respectively 
[17–20]. Coherent phonon transport is dominated by phonon wave 
nature and results in increasing thermal conductivity with decreasing 
size of multilayer films [17–20]. On the contrary, incoherent phonon 
transport is dominated by phonon particle nature and results in 
decreasing thermal conductivity with decreasing size of multilayer films 
[17–20]. For incoherent phonon transport, the cross-plane thermal 
conductivity of superlattice was calculated using discrete ordinates 
method with the gray specularity and gray transmissivity, and mono
tonically decreased with increasing interface roughness, related to the 
specularity [10]. A theoretical model for the cross-plane thermal con
ductivity of superlattice was developed considering the gray specularity 
and gray transmissivity, which also gave the decreasing thermal con
ductivity with increasing interface roughness [21]. Thermal boundary 
conductance of trilayer films was calculated using molecular dynamics 
method and was found to strongly depend on the interface location [22]. 
Thermal boundary conductance of four-layer films was calculated using 
Monte Carlo method with the spectral transmissivity, showing a strong 
dependence on the interface location and thickness of films [23]. Be
sides, the cross-plane thermal conductivity of four-layer films was 
calculated using Monte Carlo method with the spectral transmissivity, 
and the results indicated that the thicknesses of the layers closest to the 
isothermal boundaries dominated the total thermal conductivity over 
other layers [24]. Totally, the previous works on multilayer films either 
considered the gray specularity and gray transmissivity, or considered 
the spectral transmissivity yet neglected the spectral feature of the 
specularity. However, as mentioned before, both specularity and 
transmissivity strongly depend on the phonon frequency [11–13]. 
Therefore, the present work will investigate the impact of interface 
roughness on incoherent cross-plane phonon transport in multilayer 
films considering the spectral specularity and spectral transmissivity.

There are many methods for studying interfacial phonon transport, 
mainly including microscopic methods [13,25,26], mesoscopic methods 
[27–33] and experiments [34]. Microscopic methods are suitable for 
small systems whereas their computational costs are high for large 
systems, containing molecular dynamics method [26], Green’s function 
method [25] and lattice dynamics method [13], etc. It is difficult for 
experiments to analyze the detailed mechanisms in interfacial phonon 
transport. Based on directly solving phonon Boltzmann transport 
equation, mesoscopic methods are good at the study of large systems, 
containing deterministic method and Monte Carlo method (MC). MC 
solves phonon Boltzmann transport equation by random sampling 
techniques and easily handles complex geometries, whereas its noise 
error is large and its spectral analysis on heat flux or temperature is 
difficult [28,29,35]. Deterministic methods mainly contain discrete or
dinates method (DOM) [27], lattice Boltzmann method (LBM) [32,33], 
and discrete unified gas kinetic scheme (DUGKS) [30,31], etc. Up to 
now, LBM fails to consider the real dispersions of phonons, and DUGKS 
is immature and under further developments for phonon transport, and 
both methods are difficult to consider the interface effect on phonon 
transport, especially with spectral transmissivity. Also as one of the 
deterministic methods, DOM is successful in considering real phonon 
dispersions of phonons and the interface effect, particularly with spec
tral transmissivity, and mature for phonon transport [29]. Additionally, 

although its handle for complex geometries is difficult, it has high ac
curacy and easily performs spectral analysis on both heat flux and 
temperature [29]. Since the multilayer films in the present work are not 
very complex, DOM is selected to investigate incoherent phonon trans
port in these structures. DOM for interfacial phonon transport was first 
developed with the gray specularity and gray transmissivity to study the 
impact of interface roughness on cross-plane interfacial phonon trans
port in superlattice [10]. Then the periodic heat flux boundary condition 
of DOM with completely diffuse interface scattering considering the 
gray transmissivity was developed to calculate the thermal conductivity 
of nanocomposite materials [36]. Subsequently the spectral trans
missivity was considered in DOM with completely diffuse interface 
scattering in various films [27,37,38]. Hence it is necessary to develop 
DOM accounting for spectral specularity and spectral transmissivity to 
further study interfacial phonon transport.

Herein, this work aims to study the roughness dependence of cross- 
plane interfacial phonon transport in multilayer films using DOM with 
SMMM. The rest of this paper is organized as below: First, section 2
introduces the details for DOM, consisted of the theoretical basis, the 
DOM schemes for bilayer and multilayer films, and the interface treat
ment for the spectral specularity and spectral transmissivity; then, the 
numerical methods are validated in bilayer and multilayer films in 
section 3 through comparisons with Landauer formalism, experiments 
and MC; next, the detailed results and discussions are presented in 
section 4, containing the cross-plane thermal conductivity and thermal 
boundary conductance with the identical and nonidentical interface 
roughnesses; finally, the conclusions are remarked in section 5.

2. Numerical methods

In this section, the theoretical basis of DOM is introduced, and then 
the DOM scheme for cross-plane interfacial phonon transport in bilayer 
films is presented and that in multilayer films is constructed, and finally 
the DOM scheme for interface treatment with spectral specularity and 
spectral transmissivity is proposed.

2.1. Phonon Boltzmann transport equation

The phonon Boltzmann transport equation is given as below [39,40] 

∂f
∂t

+vg(ω,p) ⋅∇f =

(
fpse − f ref

)
− f

τ(ω,p,T) , (1) 

where f and fpse are the phonon distribution and Bose-Einstein distri
bution at pseudo-equilibrium temperature Tpse, respectively; vg and τ 
are the group velocity and the relaxation time at phonon frequency ω 
and polarization p, respectively. After introducing the intensity I =
ℏωfD(ω,p)vg(ω,p)/4π and the pseudo-equilibrium intensity Ipse =

ℏωfpseD(ω,p)vg(ω,p)/4π, Eq. (1) is rewritten as [39,40] 

∂I
∂t
+vg(ω,p)⋅∇I =

Ipse − I
τ(ω,p,T) . (2) 

Eq. (2) is called equation of phonon radiative transfer, similar to 
equation of photon radiative transfer [39]. Further considering the 
deviational intensity Ψ = I − Iref with the referenced equilibrium in
tensity Iref = ℏωf refD(ω, p)vg(ω,p)/4π and Bose-Einstein distribution f ref 

at referenced equilibrium temperature Tref , the deviational version of 
equation of phonon radiative transfer is given by [37,39,40] 

∂Ψ
∂t

+vg(ω,p) ⋅∇Ψ=

(
Ipse − Iref

)
− Ψ

τ(ω,p,T) . (3) 

The small temperature difference is considered throughout the sys
tem in the present work, with temperatures in the whole system close to 
the referenced temperature. With the deviational intensity, the tem
perature can be calculated through [37,39,40] 
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Tm =Tref +
1

4πCV,m

∑

p

∫ 4π

0

∫ ωmax,p,m

0

Ψ
vg,m

dωdΩ, (4) 

and the pseudo-equilibrium temperature can be calculated through [37,
39,40] 

Tloc
m =Tref +

1
4πCloc

V,m

∑

p

∫ 4π

0

∫ ωmax,p,m

0

Ψ
vg,mτm

dωdΩ, (5) 

where CV,m =
∑

p
∫ωmax,p,m

0 ℏωf refDm(ω, p)dω and Cloc
V,m =

∑
p
∫ωmax,p,m

0
ℏωf refDm(ω,p)

τm
dω; dΩ = sin θdθdφ is the solid angle with the 

polar angle θ and azimuthal angle φ; m is the material index, represented 
by 1 or 2 in the present work. And the heat flux can be calculated 
through [37,39,40] 

q=
∑

p

∫ 4π

0

∫ ωmax,p,m

0
Ψ cos θdωdΩ. (6) 

2.2. Discrete ordinates method schemes

Since the present work only concerns about the thermal properties 
around the referenced temperature, the one-dimensional cross-plane 
phonon transport at steady state is considered. The physical models in 
the present work are shown in Fig. 1(a) and (b), that is, bilayer and 

multilayer films with left and right boundaries fixed at temperatures Tleft 

and Tright, respectively. For one-dimensional systems, Eq. (3) is rewritten 
as [37,39,40] 

vg(ω, p)cos θ
dΨ
dx

=

(
Ipse − Iref

)
− Ψ

τ(ω,p,T)
. (7) 

For convenience, Eq. (7) is rewritten as below after replacing cos θ with 
μ: 

vg(ω, p)μ
dΨ
dx

=

(
Ipse − Iref

)
− Ψ

τ(ω, p,T) , (8) 

and Eqs. (4)–(6) are rewritten as [37,39,40] 

Tm − Tref =
1

2CV,m

∑

p

∫ π

0

∫ ωmax,p,m

0

Ψ
vg,m

sin θdωdθ, (9) 

Tloc
m − Tref =

1
2Cloc

V,m

∑

p

∫ π

0

∫ ωmax,p,m

0

Ψ
vg,mτm

sin θdωdθ, (10) 

q = 2π
∑

p

∫ π

0

∫ ωmax,p,m

0
Ψ sin θ cos θdωdθ. (11) 

Referred to Ref. [10,37], the emitted phonon temperatures are 

Fig. 1. The physical and numerical models in the present work: (a) the physical model of the bilayer film, (b) the physical model of the multilayer film, (c) the 
coordinate axis in the present work, and (d) the numerical model of the multilayer film. 1 and 2 are the material indexes; the direction of heat transport is along x 
axis, denoted by the black bold arrows; 0 and N4+1 are the spatial indexes for the isothermal boundaries, and N1+1, N2+1, and N3+1 are the spatial indexes for the 
first, second and third interfaces.
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introduced as below for the comparison of thermal boundary conduc
tance with Landauer formalism in bilayer films in Fig. 1 (a):    

where Te
1 and Te

2 are the emitted phonon temperatures in materials 1 and 
2 at the interface, respectively; α12 and α21 are the transmissivities from 

material 1 to 2 and in the reverse direction; Cω,p,1 = ℏωD1(ω, p) df
dT

⃒
⃒
⃒
⃒
Tref 

and Cω,p,2 = ℏωD2(ω,p) df
dT

⃒
⃒
⃒
⃒
Tref 

are the spectral heat capacities of mate

rials 1 and 2. Simplifying and organizing Eqs. (12) and (13) in 
one-dimensional cross-plane phonon transport, the emitted phonon 
temperatures are calculated by [10,37] 

Te
1 =Tref +

∑

p

∫ ωmax,p,1
0

∫ π
2
0 (Ψ1)

+α12 cos θ sin θdωdθ

∑

p

∫ ωmax,p,1
0

∫ π
2
0

Cω,p,1vg,1α12 cos θ sin θ
4π dωdθ

, (14) 

Te
2 =Tref +

∑

p

∫ ωmax,p,2
0

∫ π
π
2
(Ψ2)

− α21 cos θ sin θdωdθ
∑

p

∫ ωmax,p,2
0

∫ π
π
2

Cω,p,2vg,2α21 cos θ sin θ
4π dωdθ

. (15) 

It should be stated that the emitted phonon temperature is different 
from the commonly used temperature, i.e. the equivalent temperature, 
with their differences to be introduced later.

In DOM scheme, Eq. (7) is first discretized into a group of individual 
differential equations at each discrete angle, and then these differential 
equations are approximated by a group of difference equations using 
finite difference method. Solving these difference equations with itera
tive calculations, the deviational intensity can be approximately ob
tained and thus the temperature, pseudo-equilibrium temperature and 

Fig. 2. The schematic diagrams of the interface scattering in two structures: (a) the bilayer film and (b) the multilayer film. The single-interface coupling scattering 
exists in the bilayer film and the multi-interface coupling scattering exists in the multilayer film. The black dashed arrows in (a) and (b) represent the motion 
trajectory of a phonon in the bilayer and multilayer films, respectively.

∑

p

∫ ωmax,p,1

0

∫ 2π

0

∫ π
2

0
α12(Ψ1)

+ cos θ sin θdωdθdφ

=
∑

p

∫ ωmax,p,1

0

∫ 2π

0

∫ π
2

0

ℏω
(

f eq
(
Te

1
)
− f ref

(
Tref
))

D1(ω,p)vg,1α12 cos θ sin θ

4π dωdθdφ

≃
∑

p

∫ ωmax,p,1

0

∫ 2π

0

∫ π
2

0

(
Te

1 − Tref
)
Cω,p,1vg,1α12 cos θ sin θ

4π dωdθdφ,

(12) 

∑

p

∫ ωmax,p,2

0

∫ 2π

0

∫ π

π
2

α21(Ψ2)
− cos θ sin θdωdθdφ

=
∑

p

∫ ωmax,p,2

0

∫ 2π

0

∫ π

π
2

ℏω
(

f eq
(
Te

2
)
− f ref

(
Tref
))

D2(ω,p)vg,2α21 cos θ sin θ

4π dωdθdφ

≃
∑

p

∫ ωmax,p,2

0

∫ 2π

0

∫ π

π
2

(
Te

2 − Tref
)
Cω,p,2vg,2α21 cos θ sin θ

4π dωdθdφ,

(13) 
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heat flux are all obtained based on Eqs. (9)–(11). The rest of subsection 
2.2 will introduce the DOM schemes for bilayer and multilayer films, 
respectively.

2.2.1. Bilayer films
The DOM scheme for cross-plane interfacial phonon transport in 

bilayer films is similar to the previous schemes [27,41]. Its imple
mentations are referred to those in Refs. [27,41] and briefly introduced 
as follows. This scheme mainly contains four implementations, 
including intensity calculation of inner spatial points, boundary treat
ment, interface treatment and macroscopic variable calculation. For 
bilayer films in the present work, only the isothermal boundary condi
tion is considered, and the interface treatment is based on SMMM to first 
consider the spectral specularity and spectral transmissivity, with the 
detailed implementations to be introduced in subsection 2.3. In the 
simulation, the deviational intensities are first emitted from the 
boundaries and calculated towards the interface point by point in space. 
The interface treatment is implemented when the spatial points reach 
the interface. After the interface treatment, the deviational intensities 
are then calculated from the interface to the boundaries point by point in 
space. Since only a single interface exists, the intensity calculation in the 
bilayer film is simple and unidirectional, i.e. from the isothermal 
boundary to the interface and then from the interface to the isothermal 
boundary. Totally, the detailed simulation steps for the bilayer film are 
as follows: (1) Initialize the deviational and pseudo-equilibrium devia
tional intensities at all spatial points. (2) Starting from the left and right 
isothermal boundaries, update the deviational intensities from the 
boundaries to the interface point by point in space. (3) When the spatial 
points reach the middle interface, implement the interface treatment at 
the interface. (4) After the interface treatment, update the deviational 
intensities from the interface to the left and right isothermal boundaries. 
(5) Calculate the macroscopic information, i.e. temperature, 
pseudo-equilibrium temperature and heat flux distributions. (7) After 
obtaining the macroscopic information, verify whether the temperature 
and heat flux distributions converge. If they converge, output the 
calculation results. Otherwise, carry out the next iterative calculation of 

the temperature and pseudo-equilibrium temperature distributions with 
the updated temperature and pseudo-equilibrium temperature, until the 
temperatures and heat fluxes converge. The bilayer film is adopted to 
validate the interface treatment with spectral specularity and spectral 
transmissivity in the present work.

2.2.2. Multilayer films
Subsection 2.2.2 develops the numerical scheme of DOM for inter

facial phonon transport in multilayer films in Fig. 1 (b). Different from 
the bilayer film, the simulation of cross-plane interfacial phonon 
transport in the multilayer film is challenging owing to the multi- 
interface coupling scattering by the multiple interfaces. Particularly, 
for the multilayer film in Fig. 2 (b), the deviational intensities are first 
calculated from the boundaries to the interfaces point by point in space. 
When the spatial points reach the first and third interfaces, the interface 
treatments at the first and third interfaces are implemented. After these 
interface treatments, some phonons are reflected and the corresponding 
deviational intensities are calculated from the first and third interfaces 
back to the boundaries. Other phonons transmit across the interfaces 
and the corresponding deviational intensities are calculated from the 
first and third interfaces to the second interface. For these phonons, 
when the spatial points reach the second interface, the interface treat
ment is implemented at the second interface. After the interface treat
ment, some phonons are reflected and others transmit across the second 
interface. The reflected phonons on the left side of the second interface 
and the transmitted phonons from the right to the left of the second 
interface continue to transport towards the first interface. And the cor
responding deviational intensities are calculated from the second 
interface to the first interface. The transmitted phonons from the left to 
the right of the second interface and the reflected phonons on the right 
side of the second interface continue to transport towards the third 
interface. And the corresponding deviational intensities are calculated 
from the second interface to the third interface. After the above imple
mentations, when the spatial points reach the first and third interfaces, 
the interface treatments are implemented at the first and third interfaces 
again. Then the deviational intensities are calculated from the first and 

Fig. 3. The physical and numerical models of two bilayer films obtained by separating the multilayer film at the middle interface: (a) the bilayer film with the left 
isothermal and right interface boundaries, (b) the bilayer film with the right isothermal and left interface boundaries, (c) the numerical model for the bilayer film 
with the left isothermal and right interface boundaries, and (d) the numerical model for the bilayer film with the right isothermal and left interface boundaries. N2+1 
in (c) and (d) denote the right and left interface boundaries, respectively.
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third interfaces to the boundaries and the second interface. The above 
process is repeated and never terminated. It makes simulating cross- 
plane interfacial phonon transport in multilayer films with DOM very 
complicated. In brief, the intensity calculation in multilayer films is 
complex and multidirectional, and the deviational intensity is calculated 
between boundaries and interfaces or between interfaces repeatedly. 
The multi-interface coupling scattering makes the intensity calculation 
at each spatial point complicated and difficult in multilayer films. 
Whereas for the bilayer film in Fig. 2 (a), the deviational intensities are 
first calculated from the boundaries to the interface point by point in 
space. When the spatial points reach the interface, the interface treat
ment is implemented. Then the deviational intensities are calculated 
from the interface to the boundaries point by point in space. The above 
process is simple and unidirectional, and easy to implemented, that is, 
from the boundaries to the interface and then from the interface to the 
boundaries. There is no multi-interface coupling scattering to make the 
intensity calculation complicated and difficult at each spatial point in 
bilayer films.

Referred to the computational characteristics of bilayer films, it is 
proposed in the present work to divide the multilayer film into two films 
to address the challenge in multilayer films caused by the multi-interface 
coupling scattering. Two bilayer films appears after separating the 
multilayer film at the middle interface, shown in Fig. 3(a) and (b). Their 
boundary conditions are given as the left and right boundaries being the 
isothermal and interface boundaries, respectively, or the left and right 
boundaries being the interface and isothermal boundaries, respectively. 
Their interface boundary conditions are equivalent to the deviational 
intensities at the second interface of the multilayer film. The advantage 
of dividing the multilayer film into two bilayer films is that it utilizes the 
computational characteristics of bilayer films, which is simple and 
unidirectional owing to the absence of the multi-interface coupling 
scattering. Yet it also introduces another issue, that is, the interface 
boundary conditions are unknown beforehand. To solve this issue, the 
present work adopts the iterative calculation to determine the interface 
boundary conditions of two bilayer films approximately. The concrete 
steps are as follows: First, assume two initial interface boundary con
ditions; secondly, in each bilayer film, the deviational intensities are 
calculated from the isothermal and interface boundaries to the middle 
interface point by point in space based on the temperature and pseudo- 
equilibrium temperature distributions; then, when the spatial points 
reach the middle interfaces, the interface treatments are implemented at 
the middle interfaces; next, after the interface treatments, the devia
tional intensities are calculated from the middle interfaces to the 
isothermal and interface boundaries; finally, for the deviational in
tensities reaching the interface boundaries, the interface treatment is 
implemented and two interface boundary conditions are updated 
simultaneously based on this treatment. Although these steps can only 
determine the approximate interface boundary conditions, these con
ditions can be considered as the sufficiently accurate results when the 
interface boundary conditions in two adjacent iterations are close 
enough after the sufficient iteration calculations. It should be noted that 
the adopted temperature and pseudo-equilibrium temperature distri
butions are known in advance in these steps, obtained through another 
iterative calculation. Since they are different in each step in this another 
iterative calculation, the above iterative calculation for interface 
boundary conditions can only determine the approximate values under 
the adoptedtemperature and pseudo-equilibrium temperature distribu
tions in the current step. When the temperature and pseudo-equilibrium 
temperature distributions are changed in their iterative calculation, the 
adopted temperature and pseudo-equilibrium temperature distributions 
in the iterative calculation for interface boundary conditions need be 
updated correspondingly. Totally, in the present DOM scheme, two 
types of the iterative calculation should be introduced, that is, the ones 
for the interface boundary conditions and for the temperature and 
pseudo-equilibrium temperature distributions.

Based on the above analyses, the present numerical scheme of DOM 

for multilayer films also mainly contains four implementations, 
including the intensity calculation of inner spatial points, the boundary 
treatment, the interface treatment and the macroscopic variable calcu
lation, introduced as follows:

First, for the intensity calculation of inner spatial points, the back
ward difference scheme is applied to approximate the spatial differential 
term in Eq. (8) at μj ≥ 0, and the corresponding difference equations in 
materials 1 and 2 are obtained [42]: 

vg,1(ωs,p)μj
Ψs,p,i,j − Ψs,p,i− 1,j

Δx
=

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
− Ψs,p,i,j

τ1
(
ωs,p,Tref

) , (16) 

vg,2(ωs,p)μj
Ψs,p,i,j − Ψs,p,i− 1,j

Δx
=

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
− Ψs,p,i,j

τ2
(
ωs,p,Tref

) , (17) 

where i, j and s are the indexes for discrete spatial, angular and fre
quency points, respectively; Δx is the spatial step. Organizing Eqs. (16) 
and (17), two equations calculating the intensity of the present spatial 
points for μj ≥ 0 in materials 1 and 2 are obtained as below: 

Ψs,p,i,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
+

vg,1(ωs ,p)μj
Δx Ψs,p,i− 1,j

(
vg,1(ωs ,p)μj

Δx + 1
τ1(ωs ,p,Tref)

) , (18) 

Ψs,p,i,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
+

vg,2(ωs ,p)μj
Δx Ψs,p,i− 1,j

(
vg,2(ωs ,p)μj

Δx + 1
τ2(ωs ,p,Tref)

) . (19) 

And the forward difference scheme is applied to approximate the 
spatial differential term in Eq. (8) at μj < 0, and the corresponding dif
ference equations in materials 1 and 2 are also obtained [42]: 

vg,1(ωs,p)μj
Ψs,p,i+1,j − Ψs,p,i,j

Δx
=

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
− Ψs,p,i,j

τ1
(
ωs,p,Tref

) , (20) 

vg,2(ωs,p)μj
Ψs,p,i+1,j − Ψs,p,i,j

Δx
=

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
− Ψs,p,i,j

τ2
(
ωs,p,Tref

) . (21) 

Similarly, the equations calculating the intensity of the present 
spatial points for μj < 0 in materials 1 and 2 are also obtained as below: 

Ψs,p,i,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
−

vg,1(ωs ,p)μj
Δx Ψs,p,i+1,j

(

−
vg,1(ωs ,p)μj

Δx + 1
τ1(ωs ,p,Tref)

) , (22) 

Ψs,p,i,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,i,j − Iref

s,p,i,j

)
−

vg,2(ωs ,p)μj
Δx Ψs,p,i+1,j

(

−
vg,2(ωs ,p)μj

Δx + 1
τ2(ωs ,p,Tref)

) . (23) 

Secondly, for the boundary treatment, the isothermal and interface 
boundary conditions are considered in the present work. The isothermal 
boundary condition is implemented with a small temperature difference 
between two boundaries and analogous to the black body for photon 
radiation, obeying Lambert’s cosine law. The intensities emitted from 
two isothermal boundaries are isotropic in all directions, directly 
dependent on the boundary temperatures as below: 

Ψs,p,0,j = Ileft
s,p − Iref

s,p = ℏωs

(
f left − f ref

)
D1(ωs,p)vg,1(ωs,p)

/
4π, (24) 

Ψs,p,N4+1,j = Iright
s,p − Iref

s,p = ℏωs

(
f right − f ref

)
D2(ωs,p)vg,2(ωs, p)

/
4π, (25) 
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where Ileft
s,p and Iright

s,p are the equilibrium phonon intensities on left and 
right boundaries with Bose-Einstein distribution f left and f right at tem
peratures Tleft and Tright, respectively; μj are larger and smaller than 0 for 
left and right boundaries, respectively. With the small temperature dif
ference along the film, Eqs. (24) and (25) can be further linearized as 
below: 

Ψs,p,0,j =
(
Tleft − Tref)Cs,1vg,1(ωs, p)

/
4π, (26) 

Ψs,p,N4+1,j =
(
Tright − Tref)Cs,2vg,2(ωs,p)

/
4π. (27) 

After obtaining the intensities emitted from two isothermal bound
aries, the intensities of the first and last inner spatial points are obtained 
based on Eq. (8) using the backward and forward difference schemes 
with spatial step Δx/2, respectively [42]: 

2vg,1(ωs, p)μj
Ψs,p,1,j − Ψs,p,0,j

Δx
=

(
Ipse
s,p,1,j − Iref

s,p,1,j

)
− Ψs,p,1,j

τ1
(
ωs, p,Tref

) , (28) 

2vg,2(ωs, p)μj
Ψs,p,N4+1,j − Ψs,p,N4 ,j

Δx
=

(
Ipse
s,p,N4 ,j − Iref

s,p,N4 ,j

)
− Ψs,p,N4 ,j

τ2
(
ωs,p,Tref

) . (29) 

Organizing Eqs. (28) and (29), the equations calculating the intensity 
of the first and last spatial points for μj ≥ 0 and μj < 0 are obtained as 
below: 

Ψs,p,1,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,1,j − Iref

s,p,1,j

)
+

2vg,1(ωs ,p)μj
Δx Ψs,p,0,j

(
2vg,1(ωs ,p)μj

Δx + 1
τ1(ωs ,p,Tref)

) , (30) 

Ψs,p,N4 ,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,N4 ,j − Iref

s,p,N4 ,j

)
−

2vg,2(ωs ,p)μj
Δx Ψs,p,N4+1,j

(

−
2vg,2(ωs ,p)μj

Δx + 1
τ2(ωs ,p,Tref)

) . (31) 

The interface boundary condition in the present work is based on 
SMMM, and thus the spectral specularity and spectral transmissivity are 
introduced into DOM scheme for the first time. The detailed imple
mentations to give the outgoing intensities from the interface are pre
sented based on the interface treatment in subsection 2.3. The 
calculations of the incoming intensities to the interface boundary and 
the intensities from the interface boundary to the nearest inner points 
are provided here. In Fig. 3 (c), the incoming intensity to the interface 
boundary is corresponding to μj ≥ 0, obtained using the backward dif
ference scheme with spatial step Δx/2 [42]: 

2vg,2(ωs, p)μj
Ψs,p,N2+1,j − Ψs,p,N2 ,j

Δx
=

(
Ipse
s,p,N2 ,j − Iref

s,p,N2 ,j

)
− Ψs,p,N2 ,j

τ2
(
ωs,p,Tref

) . (32) 

Organizing Eq. (32), the equation calculating the incoming intensity 
to the interface boundary in Fig. 3 (c) is obtained as below: 

Ψs,p,N2+1,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,N2 ,j − Iref

s,p,N2 ,j

)

+

(
2vg,2(ωs ,p)μj

Δx − 1
τ2(ωs ,p,Tref)

)

Ψs,p,N2 ,j
2vg,2(ωs ,p)μj

Δx

. (33) 

In Fig. 3 (d), the incoming intensity to the interface boundary is corre
sponding to μj < 0, obtained using the forward difference scheme with 
spatial step Δx/2 [42]: 

2vg,1(ωs, p)μj
Ψs,p,N2+2,j − Ψs,p,N2+1,j

Δx
=

(
Ipse
s,p,N2+2,j − Iref

s,p,N2+2,j

)
− Ψs,p,N2+2,j

τ1
(
ωs,p,Tref

) .

(34) 

Organizing Eq. (34), the equation calculating the incoming intensity 
to the interface boundary in Fig. 3 (d) is obtained as below: 

Ψs,p,N2+1,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,N2+2,j − Iref

s,p,N2+2,j

)

−

(

1
τ1(ωs ,p,Tref)

+
2vg,1(ωs ,p)μj

Δx

)

Ψs,p,N2+2,j − 2vg,1(ωs, p)μjΔx
. (35) 

In Fig. 3 (c), the intensity from the interface boundary to the nearest 
inner points is corresponding to μj < 0, obtained using the forward 
difference scheme with spatial step Δx/2 [42]: 

2vg,2(ωs, p)μj
Ψs,p,N2+1,j − Ψs,p,N2 ,j

Δx
=

(
Ipse
s,p,N2 ,j − Iref

s,p,N2 ,j

)
− Ψs,p,N2 ,j

τ2
(
ωs, p,Tref

) . (36) 

Organizing Eq. (36), the equation calculating the intensity from the 
interface to the nearest inner points is obtained as below: 

Ψs,p,N2 ,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,N2 ,j − Iref

s,p,N2 ,j

)
−

2vg,2(ωs ,p)μj
Δx Ψs,p,N2+1,j

(

−
2vg,2(ωs ,p)μj

Δx + 1
τ2(ωs ,p,Tref)

) . (37) 

In Fig. 3 (d), the intensity from the interface boundary to the nearest 
inner points is corresponding to μj ≥ 0, obtained using the forward 
difference scheme with spatial step Δx/2 [42]: 

2vg,1(ωs, p)μj
Ψs,p,N2+2,j − Ψs,p,N2+1,j

Δx
=

(
Ipse
s,p,N2+2,j − Iref

s,p,N2+2,j

)
− Ψs,p,N2+2,j

τ1
(
ωs,p,Tref

) .

(38) 

Organizing Eq. (38), the equation calculating the intensity from the 
interface to the nearest inner points is obtained as below: 

Ψs,p,N2+2,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,N2+2,j − Iref

s,p,N2+2,j

)
+

2vg,1(ωs ,p)μj
Δx Ψs,p,N2+1,j

(
2vg,1(ωs ,p)μj

Δx + 1
τ1(ωs ,p,Tref)

) . (39) 

Thirdly, for the interface treatment, the detailed implementations to 
calculate the outgoing intensities from the interface are also presented 
based on the numerical framework in subsection 2.3. The calculations of 
the incoming intensities to the middle interface and the intensities from 
the middle interface to the nearest inner points are provided here. The 
incoming intensities to the middle interface contain two parts, that is, 
those from material 1 to the middle interface and those from material 2 
to the middle interface, corresponding to μj ≥ 0 and μj < 0, respectively. 
Two parts are obtained based on Eq. (8) using the backward and forward 
difference schemes with spatial step Δx/2, respectively [42]: 

2vg,1(ωs, p)μj
Ψs,p,N1+1,j − Ψs,p,N1 ,j

Δx
=

(
Ipse
s,p,N1 ,j − Iref

s,p,N1 ,j

)
− Ψs,p,N1 ,j

τ1
(
ωs, p,Tref

) , (40) 

2vg,2(ωs, p)μj
Ψs,p,N1+2,j − Ψs,p,N1+1,j

Δx
=

(
Ipse
s,p,N1+2,j − Iref

s,p,N1+2,j

)
− Ψs,p,N1+2,j

τ2
(
ωs,p,Tref

) .

(41) 

Organizing Eqs. (40) and (41), the equations calculating the 
incoming intensity to the middle interface for μj ≥ 0 and μj < 0 are 
obtained as below: 

Ψs,p,N1+1,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,N1 ,j − Iref

s,p,N1 ,j

)

+

(
2vg,1(ωs ,p)μj

Δx − 1
τ1(ωs ,p,Tref)

)

Ψs,p,N1 ,j
2vg,1(ωs ,p)μj

Δx

, (42) 
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Ψs,p,N1+1,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,N1+2,j − Iref

s,p,N1+2,j

)

−

(

1
τ2(ωs ,p,Tref)

+
2vg,2(ωs ,p)μj

Δx

)

Ψs,p,N1+2,j − 2vg,2(ωs,p)μjΔx
. (43) 

The intensities from the interface to the nearest inner points contain 
two parts, that is, those from the middle interface to material 1 and those 
from the middle interface to material 2, corresponding to μj < 0 and μj ≥

0, respectively. Two parts are obtained based on Eq. (8) using the for
ward and backward difference schemes with spatial step Δx/ 2, 
respectively [42]: 

2vg,1(ωs, p)μj
Ψs,p,N1+1,j − Ψs,p,N1 ,j

Δx
=

(
Ipse
s,p,N1 ,j − Iref

s,p,N1 ,j

)
− Ψs,p,N1 ,j

τ1
(
ωs,p,Tref

) , (44) 

2vg,2(ωs, p)μj
Ψs,p,N1+2,j − Ψs,p,N1+1,j

Δx
=

(
Ipse
s,p,N1+2,j − Iref

s,p,N1+2,j

)
− Ψs,p,N1+2,j

τ2
(
ωs,p,Tref

) .

(45) 

Organizing Eqs. (44) and (45), the equations calculating the in
tensities from the interface to the nearest inner points for μj < 0 and μj ≥

0 are obtained as below: 

Ψs,p,N1 ,j =

1
τ1(ωs ,p,Tref)

(
Ipse
s,p,N1 ,j − Iref

s,p,N1 ,j

)
−

2vg,1(ωs ,p)μj
Δx Ψs,p,N1+1,j

(

−
2vg,1(ωs ,p)μj

Δx + 1
τ1(ωs ,p,Tref)

) , (46) 

Ψs,p,N1+2,j =

1
τ2(ωs ,p,Tref)

(
Ipse
s,p,N1+2,j − Iref

s,p,N1+2,j

)
+

2vg,2(ωs ,p)μj
Δx Ψs,p,N1+1,j

(
2vg,2(ωs ,p)μj

Δx + 1
τ2(ωs ,p,Tref)

) . (47) 

Finally, for the macroscopic variable calculation, the temperature, 
pseudo-equilibrium temperature and heat flux distributions are calcu
lated after obtaining the deviational intensities using Eqs. (9)–(11). 
Considering the discrete angle and frequency, the integrals are evalu
ated using the summations as below 

Tm,i = Tref +
1

2CV,m

∑

p

∑

s

∑

j

Ψs,p,i,j

vg,m(ωs,p)
ςjws, (48) 

Tloc
m,i = Tref +

1
2Cloc

V,m

∑

p

∑

s

∑

j

Ψs,p,i,j

vg,m(ωs,p)τm(ωs, p)
ςjws, (49) 

qi = 2π
∑

p

∑

s

∑

j
Ψs,p,i,jμjςjws, (50) 

where ςj and ws are the weights for the numerical evaluation of integrals 
of angle and frequency.

Totally, the present work proposes a DOM scheme to simulate cross- 
plane interfacial phonon transport in multilayer films with the flow 
chart in Fig. 4. Its detailed simulation steps are as follows: (1) Initialize 
the deviational and pseudo-equilibrium deviational intensities at all 
spatial point and the interface boundary conditions of two bilayer films. 
(2) For the bilayer film in Fig. 3 (a), emit the deviational intensities from 
the left isothermal and right interface boundaries; for the bilayer film in 
Fig. 3 (b), emit the deviational intensities from the right isothermal and 
left interface boundaries. (3) For the bilayer film in Fig. 3 (a), update the 
deviational intensities point by point in space from the left isothermal 
boundary to the middle interface, and from the right interface boundary 
to the middle interface; for the bilayer film in Fig. 3 (b), update the 
deviational intensities point by point in space from the right isothermal 
boundary to the middle interface, and from the left interface boundary 
to the middle interface. (4) For two bilayer films in Fig. 3(a) and (b), 
when the spatial points reach the middle interfaces, implement the 
interface treatments at the middle interfaces. (5) After the interface 
treatments, for the bilayer film in Fig. 3 (a), update the deviational in
tensities from the middle interface to the left isothermal boundary and 
the right interface boundary; for the bilayer film in Fig. 3 (b), update the 
deviational intensities from the middle interface to the right isothermal 
boundary and the left interface boundary. (6) For two bilayer films in 
Fig. 3(a) and (b), when the spatial points reach the right and left 
interface boundaries, implement the interface treatments at the right 
and left interface boundaries, and then update the interface boundary 
conditions of two bilayer films. (7) Verify whether the interface 
boundary conditions converge. If they converge, update the pseudo- 
equilibrium deviational intensities, and calculate the macroscopic in
formation, i.e. temperature, pseudo-equilibrium temperature and heat 
flux distributions. Otherwise, carry out the next iterative calculation for 
the interface boundary conditions based on the updated interface 
boundary conditions until they converge. (8) After obtaining the 
macroscopic information, verify whether the temperature and heat flux 

Fig. 4. The flow chart of the DOM scheme for interfacial phonon transport in 
multilayer films in the present work.
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distributions converge. If they converge, output the calculation results. 
Otherwise, based on the updated temperature and pseudo-equilibrium 
temperature as well as the updated interface boundary conditions, 
carry out the next iterative calculation for the temperature, pseudo- 
equilibrium temperature and heat flux distributions until they converge.

It should be pointed out that due to two bilayer films are formed by 
separating the multilayer film at the middle interface, the right interface 

boundary in Fig. 3 (a) and the left interface boundary in Fig. 3 (b) are the 
same interface. Therefore, the interface treatments at the right and left 

interface boundaries should be combined together in step (5). In detail, 
among the phonons entering the bilayer film from the right interface 
boundary in Fig. 3 (a), two parts should be considered, that is, the re
flected phonons at the right interface boundary in Fig. 3 (a) and the 
transmitted phonons from the right to the left of the left interface 
boundary in Fig. 3 (b). Among the phonons entering the bilayer film 
from the left interface boundary in Fig. 3 (b), two parts should be 
considered, that is, the transmitted phonons from the left to the right of 
the right interface boundary in Fig. 3 (a) and the reflected phonons at the 
left interface boundary in Fig. 3 (b). The numerical scheme in the pre
sent work can be extended into other multilayer films with more or 
fewer layers, and is adopted to investigate the roughness dependence of 
cross-plane interfacial phonon transport in multilayer films after being 
verified in subsection 3.2.

2.3. Interface treatment

The present work develops the DOM scheme of interface treatment 
with spectral specularity and spectral transmissivity based on SMMM. 
Using this interface treatment, the outgoing deviational intensities from 
the interface can be obtained, mentioned in subsection 2.2.

SMMM provides the transmissivities accounting for partially spec
ular and partially diffuse scatterings at the interfaces as below [16]. 

α12(θ1,ω, p)=P1(ω, p)αSpecular,12(θ1,ω,p) + (1 − P1(ω,p))αDiffuse,12(ω,p),
(51) 

α21(θ2,ω, p)=P2(ω, p)αSpecular,21(θ2,ω,p) + (1 − P2(ω,p))αDiffuse,21(ω,p),
(52) 

where θ1 and θ2 are the incident angles at the interface from material 1 
to 2 and from material 2 to 1, respectively; P is the spectral specularity; 

αSpecular,12 and αDiffuse,12 are the transmissivities from material 1 to 2 for 
spectral specular and spectral diffuse scatterings, respectively; αSpecular,21 

and αDiffuse,21 are the transmissivities from material 2 to 1 for spectral 
specular and spectral diffuse scatterings, respectively. Based on the 
assumption of elastic scattering and neglecting the polarization con
version, the transmissivities in SMMM can be deduced according to the 
principle of detailed balance [16]    

where λ is phonon wavelength, obtained from λ(ω,p) = 2π
k(ω,p) with the 

wave number k; η is interface roughness. SMMM can both capture the 
spectrum dependence of specularity and specular and diffuse scatterings 
and satisfy the principle of detailed balance. Although it cannot consider 
the inelastic scattering and polarization conversion, even inaccurate for 
the phonons with high frequency, it is currently most appropriate 
theoretical model accounting for the spectral specularity and spectral 
transmissivity [16]. SMMM will be adopted in the present work and its 
transmissivities are calculated just with the phonon dispersions and 
interface roughness. The interface scattering in the present work is 
referred to Fig. 5, where 

(
Ψ1,ω,p

)+ and 
(
Ψ2,ω,p

)− are the incoming 
deviational intensities from materials 1 and 2, respectively, and 
(
Ψ1,ω,p

)− and 
(
Ψ2,ω,p

)+ are the outgoing deviational intensities to ma
terials 1 and 2. According to the energy conservation law for interface 
scattering, the equations below are valid: 
∫ π

π
2

(
Ψ1,ω,p

)− sin θ cos θdθ =
∫ π

π
2

α21(θ,ω, p)
(
Ψ2,ω,p

)− sin θ cos θdθ

−

∫ π
2

0
(1 − α12(θ,ω, p))

(
Ψ1,ω,p

)+ sin θ cos θdθ,

(55) 

∫ π
2

0

(
Ψ2,ω,p

)+ sin θ cos θdθ= −

∫ π

π
2

(1 − α21(θ,ω,p))
(
Ψ2,ω,p

)− sin θ cos θdθ

+

∫ π
2

0
α12(θ,ω,p)

(
Ψ1,ω,p

)+ sin θ cos θdθ.

(56) 

For the outgoing deviational intensities of diffuse scattering in Eqs. 
(55) and (56), the equations below are valid: 

α12(θ1,ω, p) = exp

(

−
16π2η2

λ2
1(ω,p)

)

⋅min

{

1,
P2(ω,p)Cω,p,2v3

g,2(ω,p)
P1(ω,p)Cω,p,1v3

g,1(ω,p)

} 4ρ2vg,2(ω,p)
ρ1vg,1(ω, p)

cos θ2

cos θ1
(

ρ2vg,2(ω, p)
ρ1vg,1(ω, p)

+
cos θ2

cos θ1

)2

+

(

1 − exp

(

−
16π2η2

λ2
1(ω, p)

))

⋅
(1 − P2(ω, p) )k2

2(ω,p)
(1 − P1(ω, p) )k2

1(ω,p) + (1 − P2(ω, p) )k2
2(ω, p)

,

(53) 

α21(θ2,ω, p) = exp

(

−
16π2η2

λ2
2(ω,p)

)

⋅min

{

1,
P1(ω,p)Cω,p,1v3

g,1(ω,p)
P2(ω,p)Cω,p,2v3

g,2(ω,p)

} 4ρ2vg,2(ω,p)
ρ1vg,1(ω, p)

cos θ2

cos θ1
(

ρ2vg,1(ω, p)
ρ1vg,1(ω, p)

+
cos θ2

cos θ1

)2

+

(

1 − exp

(

−
16π2η2

λ2
2(ω, p)

))

⋅
(1 − P1(ω, p) )k2

1(ω,p)
(1 − P1(ω, p) )k2

1(ω,p) + (1 − P2(ω, p) )k2
2(ω, p)

,

(54) 
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∫ π

π
2

(
Ψ1,ω,p

)−
Diffuse sin θ cos θdθ

= (1 − P2(ω,p))αDiffuse,21(ω, p)
∫ π

π
2

(
Ψ2,ω,p

)− sin θ cos θdθ

− (1 − P1(ω,p))
(
1 − αDiffuse,12(ω,p)

)
∫ π

2

0

(
Ψ1,ω,p

)+ sin θ cos θdθ,

(57) 

∫ π
2

0

(
Ψ2,ω,p

)+
Diffuse sin θ cos θdθ

= − (1 − P2(ω,p))
(
1 − αDiffuse,21(ω, p)

)
∫ π

π
2

(
Ψ2,ω,p

)− sin θ cos θdθ+

(1 − P1(ω,p))αDiffuse,12(ω, p)
∫ π

2

0

(
Ψ1,ω,p

)+ sin θ cos θdθ

.

(58) 

Based on the assumption of diffuse scattering, the outgoing devia
tional intensities are isotropic for diffuse scattering and thus 
(
Ψω,p,1

)−
Diffuse and 

(
Ψω,p,2

)+
Diffuse are uniform in all directions. Due to the 

direction is discretized into a series of discrete angles, Eqs. (57) and (58)
are further simplified as 

(
Ψ1,s,p

)−
Diffuse = − 2

∑Nμ

j=Nμ/2+1

(
1 − P2,s,p

)
αDiffuse,21,s,p

(
Ψ2,s,p,j

)− μjςj

+2
∑Nμ/2

j=1

(
1 − P1,s,p

)(
1 − αDiffuse,12,s,p

)(
Ψ1,s,p,j

)+μjςj,

(59) 

(
Ψ2,s,p

)+
Diffuse = − 2

∑Nμ

j=Nμ/2+1

(
1 − P2,s,p

)(
1 − αDiffuse,21,s,p

)(
Ψ2,s,p,j

)− μjςj

+2
∑Nμ/2

j=1

(
1 − P1,s,p

)
αDiffuse,12,s,p

(
Ψ1,s,p,j

)+μjςj,

(60) 

where j = 1 to j = Nμ/2 are corresponding to the angles from 0 to π/ 2; 
j = Nμ/2 to j = Nμ are corresponding to the angles from π/ 2 to π.

For the outgoing deviational intensities of specular scattering in Eqs. 
(55) and (56), the specular interface scattering obeys Snell’s law and it is 
required that a phonon specularly incident on the interface with an 
incident angle transmits across the interface with the corresponding 
transmitted angle, which means that the incident and transmitted angles 
correspond one-to-one. Thus the specular scattering parts in Eqs. (55) 
and (56) have the following relationships: 

(
Ψ1,ω,p(μʹ)

)−
Specular =P2(ω,p)αSpecular,21(μ,ω,p)

(
Ψ2,ω,p(μ)

)−
Specular

+P1(ω,p)
(
1 − αSpecular,12(− μʹ,ω, p)

)(
Ψ1,ω,p(− μʹ)

)+
Specular,

(61) 

(
Ψ2,ω,p(μʹ́ )

)+
Specular =P2(ω, p)

(
1 − αSpecular,21(− μʹ́ ,ω,p)

)(
Ψ2,ω,p(− μʹ́ )

)−
Specular

+P1(ω,p)αSpecular,12(μ,ω,p)
(
Ψ1,ω,p(μ)

)+
Specular.

(62) 

where − μʹ and − μʹ́  are the incident angles on the interface from the 
material 1 and 2, respectively, and μ are their corresponding transmitted 
angles. Reorganize Eqs. (61) and (62) using discrete angles and the 
following equations are obtained: 
(
Ψ1,s,p(μ’)

)−
Specular = P2,s,pαSpecular,21,s,p

(
μj

)(
Ψ2,s,p

(
μj

))−

Specular

+P1,s,p
(
1 − αSpecular,12,s,p( − μ’)

)(
Ψ1,s,p( − μ’)

)+
Specular,

(63) 

(
Ψ2,s,p(μ’’)

)−
Specular = P2,s,p

(
1 − αSpecular,21,s,p( − μ’’)

)(
Ψ2,s,p( − μ’’)

)−
Specular

+P1,s,pαSpecular,12,s,p

(
μj

)(
Ψ1,s,p

(
μj

))+

Specular
.

(64) 

When phonons are specularly scattered by the interface, they are 
assumed as the plane waves, and this scattering obeys Snell’s law. The 
incident and transmitted angles in Snell’s law have the following re
lationships [8,9]: 

vg,1(ω,p)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − (μʹ(ω,p))2
√ =

vg,2(ω, p)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(

μj

)2
√ , (65) 

vg,1(ω, p)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(

μj

)2
√ =

vg,2(ω,p)
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − (μʹ́ (ω,p))2
√ . (66) 

To take the present DOM scheme to simulate interfacial phonon 
transport, the challenge that the actual incident or transmitted angles 
may not align with the discrete angles should be first addressed. This is 
caused by the fact that the discrete angles on both sides of the interface 

Fig. 6. The schematic diagram for the specular scattering at the interface. The 
vertical black solid line is the interface, and the black dashed lines correspond 
to the discrete angles. The red solid arrows towards and away from the interface 
denote the incident and transmitted phonons, and the red dashed arrow away 
from the interface denote the discrete angle corresponding to the transmitted 
angle, illustrated in the main text. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. The schematic diagram for the interface scattering. The vertical black 
solid line is the interface, and the black solid arrows towards and away from the 
interface denote the ingoing and outgoing deviational intensities, respectively.
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may not satisfy the corresponding relationship in Snell’s law. For 
instance, shown in Fig. 6, a phonon is incident on the interface with the 
incident angle μj, and based on Snell’s law, its corresponding trans
mitted angle is assumed to equal μʹ́ʹ, not belonging to the discrete angles 
in the simulation. To address this challenge, define a cumulative dis
tribution for angles as 

Θ(μ0)=

∫ μ0

0
dμ, (67) 

where μ0 is the cut off angle for the integral. Rewrite Eq. (67) with 
discrete angles as 

Θ
(

μj0

)
=
∑
Nμj0

j=1
ςj, (68) 

where μj0 
is one of the discrete angles in the simulation with index 

number j0; Nμj0 
is the order value of μj0 

when all discrete angles are 
arranged in order from small to large. Based on the above definitions, 
the implementations for the specular interface scattering in DOM are 
given as follows: (1) When a phonon is incident on the interface with the 
incident angle μj, calculate the transmitted based on Snell’s law, i.e. Eq. 
(65) or (66), and the result is assumed to equal μʹ́ʹ. (2) Comparing the 

transmitted angle μʹ́ʹ and the cumulative distribution Eq. (68), if 

Θ
(

μj́

)
≤ μʹ́ʹ < Θ

(
μj́ +1

)
, the transmitted angle μʹ́ʹ is corresponding to μj́ , 

one of the discrete angles. In these situations, all calculations regarding 
μʹ́ʹ are the same as μj́ . For instance, in all summations in previous parts 
about μʹ́ʹ, the value and weight of μʹ́ʹ should be replaced with those of μj́ , 
etc. It should be noted that since the phonon properties depend on the 
phonon frequency, the relationships in Snell’s law also depend on 
phonon frequency, and Eqs. (65) and (66) are different for different 
phonon frequencies.

With the outgoing deviational intensities of diffuse and specular 
scatterings in Eqs. (55) and (56), the outgoing deviational intensities are 
calculated by 
(

Ψ1,ω,p

(
μj

))−
=
(
Ψ1,ω,p

)−
Diffuse +

(
Ψ1,ω,p

(
μj

))−

Specular
, (69) 

(
Ψ2,ω,p

(
μj

))+
=
(
Ψ2,ω,p

)+
Diffuse +

(
Ψ2,ω,p

(
μj

))+

Specular
. (70) 

The above deductions give the DOM scheme of interface treatment 
with spectral specularity and spectral transmissivity. This treatment is 
validated in bilayer films through comparisons with Landauer formalism 
and experiments.

3. Validations

In this section, the interface treatment with spectral specularity and 
spectral transmissivity and the numerical framework for multilayer 
films in the previous section are validated against Landauer formalism, 
experiments and MC.

3.1. Bilayer films

In subsection 3.1, the interface treatment with the spectral specu
larity and spectral transmissivity of DOM is validated in bilayer films by 
comparing its thermal boundary conductance with Landauer formalism 
and experiments. Two definitions for thermal boundary conductance are 
adopted in the present work, that is, those based on the emitted phonon 
and equivalent equilibrium temperatures. Two temperatures have 
different physical meanings with detailed explanations provided here. 
The emitted phonon temperature denotes the ideal temperature defined 
by the conjectured phonons with infinite mean free paths emitted from 
the isothermal boundary at this temperature and ballistically trans
porting and scattered at the interface. For the latter one, owing to the 
non-equilibrium effect at the interface, the definition for the tempera
ture with the conventional way under the thermal equilibrium state is 

Fig. 7. The thermal boundary conductances based on the emitted phonon temperature at various interface roughnesses: (a) Al/Si and (b) Ge/Si.

Fig. 8. The thermal boundary conductances of Ge/Si based on the emitted 
phonon temperature at various temperatures.
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invalid. Thus the equivalent equilibrium temperature is introduced to 
quantify the temperature near the interface, reproducing the average 
energy of all phonons near the interface. In detail, the average energy 
calculated based on the equivalent equilibrium temperature equals the 
realistic energy near the interface. The thermal boundary conductances 
in Landauer formalism and experiments correspond to the emitted 
phonon and equivalent equilibrium temperatures, respectively.

In bilayer films, the thermal boundary conductances based on the 
emitted phonon temperature at various interface roughnesses are first 
calculated by DOM and compared with Landauer formalism below: 

Ge = 2π
∑

p

∫ ωmax,p,1
0

∫ π
2
0 Cω,1vg,1(ω, p)α12(ω, p, θ)sin θ cos θdθdω

= π
∑

p

∑Nω,p

s=1

∑Nμ

j=1
Cωs ,1vg,1(ωs, p)α12

(
ωs,p, μj

)
μjςjws.

(71) 

The physical model of bilayer films is shown in Fig. 1 (a), and the 
intensity calculation of inner spatial points, the boundary treatment and 
the macroscopic variable calculation are referred to Refs. [27,41], and 
the interface treatment is implemented following subsection 2.3. Two 
material pairs are considered, i.e. Al (1)/Si(2) and Ge (1)/Si(2), with the 
dispersions of Al, Si and Ge in Refs. [43–45] and the relaxation times of 
Si and Ge in Ref. [46]. For Al, only contribution from phonons is 
considered and the calculations of their relaxation times are referred to 

Fig. 9. The temperature distributions of cross-plane interfacial phonon transport across bilayer films by DOM with the different interface roughnesses and referenced 
temperatures: (a) the bilayer film with the interface roughness being 0 nm and the referenced temperature being 100 K, (b) the bilayer film with the interface 
roughness being 0.3 nm and the referenced temperature being 100 K, (c) the bilayer film with the interface roughness being 0 nm and the referenced temperature 
being 300 K, and (d) the bilayer film with the interface roughness being 0.3 nm and the referenced temperature being 300 K.

Fig. 10. The thermal boundary conductances of Al/Si based on the equivalent 
equilibrium temperature at various temperatures.
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Refs. [47,48], assumed to be an constant throughout all frequencies and 
polarizations at each temperature. The relaxation times of Al at corre
sponding temperatures are obtained based on their lattice thermal 
conductivities at various temperatures. The lattice thermal conductiv
ities of Al in the present work are referred to Ref. [49] and the rela
tionship between the lattice thermal conductivity and relaxation time is 
given by [50]. 

κ =
1
3
∑

p

∫

Cω,pv2
g(ω, p)τdω. (72) 

The left and right sides of bilayer films are considered as the 
isothermal boundaries with temperatures 303 and 297 K. The interface 
roughness first increases from 0.02 to 0.2 nm with the common differ
ence 0.02 nm and then increases from 0.2 to 1.8 nm with the common 
difference 0.02 nm. The total thicknesses of all bilayer films are fixed at 
40 nm with the volume ratios 1, and the spatial steps are fixed at 0.01 
nm for all simulations. When the relative errors between two adjacent 
iteration steps of both temperatures and heat fluxes are smaller than 1×

10− 7, output the calculation results. The spectral transmissivities are 
calculated based on SMMM [16] and referred to Ref. [41]. The emitted 
phonon temperatures are obtained and then the corresponding thermal 
boundary conductances are calculated with 

Gʹ
e =

q
Te

1 − Te
2
. (73) 

Fig. 7 gives the thermal boundary conductances based on emitted 
phonon temperature at various interface roughnesses obtained by both 
DOM and Landauer formalism. The results by both methods agree well 
with each other, demonstrating that the present interface treatment can 
simulate phonon scattering process at the interface. From the results, for 
Al/Si, thermal boundary conductance first increases dramatically with 
increasing interface roughness, and reaches the maximum at interface 
roughness 0.08 nm, and then decreases slightly until the interface 
roughness reaches 0.16 nm, and next increases slightly, and eventually 
tends to a constant. For Ge/Si, the relationship between the thermal 
boundary conductance and interface roughness is different from that for 
Al/Si. With increasing interface roughness, the thermal boundary 
conductance first decreases dramatically, and reaches the minimum at 
interface roughness 0.06 nm, and then increases dramatically until the 
interface roughness reaches 0.4 nm, and next continues to increase 
slightly, and eventually tends to a constant.

Then the thermal boundary conductances based on the emitted 
phonon temperature at various temperatures are calculated by DOM and 
also compared with Landauer formalism. Owing to the lack of lattice 
thermal conductivities at various temperatures for Al, this comparison 

Fig. 11. The steady-state cross-plane temperature distributions and cross-plane thermal conductivities of Al/Si multilayer films with the total thickness of 40 nm at 
various interface roughnesses: (a) the interface roughnesses being 0.02 nm, (b) the interface roughnesses being 0.14 nm, (c) the interface roughnesses being 1.8 nm 
and (d) the cross-plane thermal conductivities at various interface roughnesses.
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only considers the material pair Ge (1)/Si(2). The dispersions and 
relaxation times of Si and Ge are referred to Refs. [43,44] and Ref. [46], 
respectively. The left and right sides of bilayer films are set as the 
isothermal boundaries with small temperature differences to match the 
small temperature difference assumption. For instance, to calculate the 
thermal boundary conductance at 20 K, fix the left and right isothermal 
boundaries at 20.1 and 19.9 K, respectively; to calculate the thermal 
boundary conductance at 40 K, fix the left and right isothermal 
boundaries at 40.2 and 39.8 K, respectively; to calculate the thermal 
boundary conductance at 200 K, fix the left and right isothermal 
boundaries at 201 and 199 K, respectively; to calculate the thermal 
boundary conductance at 300 K, fix the left and right isothermal 
boundaries at 303 and 297 K, respectively; etc. The total thicknesses of 
all bilayer films are fixed at 40 nm with the volume ratios 1, and the 
spatial steps and interface roughnesses in all simulations are fixed at 
0.01 and 0.14 nm, respectively. When the relative errors between two 
adjacent iteration steps for both temperature and heat flux are smaller 
than 1× 10− 7, the calculation results are output. SMMM is also adopted 
to calculate the spectral transmissivities and the thermal boundary 
conductance based on the emitted phonon temperature is calculated by 
DOM, referred to Ref. [41] and with Landauer formalism using Eq. (71). 
Fig. 8 presents the thermal boundary conductances based on emitted 

phonon temperature at various temperatures calculated by both DOM 
and Landauer formalism, showing good agreements. The results show 
that the thermal boundary conductance based on the emitted phonon 
temperature increases with increasing temperature, caused by the 
increasing spectral heat capacity with increasing temperature.

Finally, for the comparisons with experiments, the thermal boundary 
conductance based on the equivalent equilibrium temperature is 
calculated by DOM in bilayer films formed by Al/Si. To better reproduce 
the situation in experiment [51], the thickness of Al is set as 100 nm, 
equal to that in the experiment. The thickness of Si substrate should be 
large enough to ensure that it is much larger than the mean free paths of 
phonons in Si, yet should not be too large to avoid significant compu
tational consumption, and considering all factors, it is selected as 1000 
nm. Since there is a lack of characterization of the interface, the inter
face roughness is difficult to determine. In the experiment, the thermal 
boundary conductance was measured after removing the natural oxide 
at Al/Si interface; consequently, the interface could be considered as a 
highest-quality one. Further referred to the measured interface rough
ness by transmission electron microscopy in Ref. [52], five interface 
roughnesses are selected, that is, 0, 0.02, 0.04, 0.06, and 0.3 nm, where 
0 nm corresponds to the completely specular scattering. For compari
sons with the results in Ref. [53], the interface roughness being infinite 

Fig. 12. The steady-state cross-plane temperature distributions and cross-plane thermal conductivities of Al/Si multilayer films with the total thickness of 80 nm at 
various interface roughnesses: (a) the interface roughnesses being 0.02 nm, (b) the interface roughnesses being 0.14 nm, (c) the interface roughnesses being 1.8 nm 
and (d) the cross-plane thermal conductivities at various interface roughnesses.
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is also simulated corresponding to the completely diffuse scattering. All 
spatial steps and relative errors to output the results are set as 0.01 nm 
and 1× 10− 7, respectively, and the interface scattering is modeled by 
SMMM. With the thickness, interface roughness and phonon properties 
above, cross-plane interfacial phonon transport across bilayer films is 
simulated at various temperatures and the thermal boundary conduc
tances based on the equivalent equilibrium temperature are calculated. 
Due to only five lattice thermal conductivities at five temperatures are 
given, that is, 100, 150, 200, 250 and 300 K [49], only five thermal 
boundary conductances are calculated at these temperatures. The tem
peratures at left and right boundaries of bilayer films are also set very 
small to match the small temperature difference assumption. For 
instance, to calculate the thermal boundary conductance at 100 K, fix 
the left and right isothermal boundaries at 101 and 99 K, respectively; to 
calculate the thermal boundary conductance at 200 K, fix the left and 
right isothermal boundaries at 203 and 197 K, respectively. The thermal 
boundary conductance based on the equivalent equilibrium temperature 
is calculated by 

G=
q

ΔT
, (74) 

where ΔT = T1 − T2 is the equivalent equilibrium temperature jump at 
the interface with T1 and T2 being the equivalent equilibrium temper

atures on the left and right sides of the interface, respectively.
The key to calculate the thermal boundary conductance based on the 

equivalent equilibrium temperature is to obtain the equivalent equilib
rium temperature jump at the interface. Using DOM, the steady-state 
cross-plane temperature distribution is obtained and the temperature 
jump can thus be calculated. As mentioned above, due to the strong non- 
equilibrium effects at the interface, the temperature distribution near 
the interface is non-linearized. For the cross-plane temperature distri
butions in bilayer films, the equivalent temperatures of two nearest 
spatial points to the interface become closer and closer to the equivalent 
temperatures at the interface with decreasing spatial step. Since the 
spatial step in the present work is very small, it is inferred that the 
equivalent temperatures of two nearest spatial points to the interface are 
approximately equal to those at the interface. Thereby the equivalent 
equilibrium temperature jump at the interface can be directly obtained 
from the steady-state cross-plane temperature distribution. To verify this 
inference, the steady-state cross-plane temperature distributions are 
analyzed at different interface roughnesses and different temperatures. 
Fig. 9 gives the cross-plane temperature distributions at the interface 
roughnesses being 0 and 0.3 nm, and the referenced equilibrium tem
peratures being 100 and 300 K. For the cross-plane temperature distri
bution at the interface roughness being 0 nm and the referenced 
equilibrium temperature being 100 K in Fig. 9 (a), the temperatures of 

Fig. 13. The steady-state cross-plane temperature distributions and cross-plane thermal conductivities of Ge/Si multilayer films with the total thickness being 40 nm 
at various interface roughnesses: (a) the interface roughnesses being 0.02 nm, (b) the interface roughnesses being 0.14 nm, (c) the interface roughnesses being 1.8 nm 
and (d) the cross-plane thermal conductivities at various interface roughnesses.
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Fig. 14. The steady-state cross-plane temperature distributions and cross-plane thermal conductivities of Ge/Si multilayer films with the total thickness being 80 nm 
at various interface roughnesses: (a) the interface roughnesses being 0.02 nm, (b) the interface roughnesses being 0.14 nm, (c) the interface roughnesses being 1.8 nm 
and (d) the cross-plane thermal conductivities at various interface roughnesses.

Fig. 15. The cross-plane thermal conductivities at various interface roughnesses in Al/Si bilayer films with two thicknesses: (a) the total thickness being 40 nm and 
each layer thickness being 20 nm, and (b) the total thickness being 80 nm and each layer thickness being 40 nm.
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Fig. 16. The cross-plane thermal conductivities at various interface roughnesses in Ge/Si bilayer films with two thicknesses: (a) the total thickness being 40 nm and 
each layer thickness being 20 nm, and (b) the total thickness being 80 nm and each layer thickness being 40 nm.

Fig. 17. The spectral transmissivities of phonons of Al/Si for various polarizations at various interface roughnesses: (a) the transverse acoustic phonons from Si to Al, 
(b) the transverse acoustic phonons from Al to Si, (c) the longitudinal acoustic phonons from Si to Al and (d) the longitudinal acoustic phonons from Al to Si. TA and 
LA denote the transverse acoustic and longitudinal acoustic phonons, respectively.
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the first five spatial points with increasing distance from the interface to 
the inner points on Al side are 100.3165, 100.3165, 100.3164, 100.3164 
and 100.3164 K, with a total temperature variation being 0.0001 K, 
much smaller than the total temperature variation in Al layer being 
0.5950 K. The temperatures of the first five spatial points with 
increasing distance from the interface to the inner points on Si side are 
all 99.7010 K, much smaller than the total temperature variation in Si 
layer being 0.5614 K. For the cross-plane temperature distribution at the 
interface roughness being 0.3 nm and the referenced equilibrium tem
perature being 100 K in Fig. 9 (b), the temperatures of the first five 
spatial points with increasing distance from the interface to the inner 
points on Al side are 100.3050, 100.3049, 100.3049, 100.3049 and 
100.3049 K, with a total temperature variation being 0.0001 K, much 
smaller than the total temperature variation in Al layer being 0.6135 K. 
The temperatures of the first five spatial points with increasing distance 
from the interface to the inner points on Si side are 99.9187, 99.9187, 
99.9186, 99.9186 and 99.9186 K, with a total temperature variation 
being 0.0001 K, much smaller than the total temperature variation in Si 
layer being 0.7816 K. For the cross-plane temperature distribution at the 
interface roughness being 0 nm and the referenced equilibrium tem
perature being 300 K in Fig. 9 (c), the temperatures of the first five 

spatial points with increasing distance from the interface to the inner 
points on Al side are 300.1278, 300.1277, 300.1277, 300.1276 and 
300.1276 K, with a total temperature variation being 0.0002 K, much 
smaller than the total temperature variation in Al layer being 2.7905 K. 
The temperatures of the first five spatial points with increasing distance 
from the interface to the inner points on Si side are all 299.4836 K, much 
smaller than the total temperature variation in Si layer being 2.4075 K. 
For the cross-plane temperature distribution at the interface roughness 
being 0.3 nm and the referenced equilibrium temperature being 300 K in 
Fig. 9 (d), the temperatures of the first five spatial points with increasing 
distance from the interface to the inner points on Al side are 300.1273, 
300.1272, 300.1271, 300.1269 and 300.1268 K, with a total tempera
ture variation being 0.0005 K, much smaller than the total temperature 
variation in Al layer being 2.7939 K. The temperatures of the first five 
spatial points with increasing distance from the interface to the inner 
points on Si side are 299.7206, 299.7206, 299.7205, 299.7205 and 
299.7205 K, with a total temperature variation being 0.0001 K, much 
smaller than the total temperature variation in Si layer being 2.6459 K. 
The above conclusions are valid for all interface roughnesses and 
referenced equilibrium temperatures. These comparisons indicate that 
owing to the much small spatial step, the equivalent temperatures of two 

Fig. 18. The spectral transmissivities of phonons of Ge/Si for various polarizations at various interface roughnesses: (a) the transverse acoustic phonons from Si to 
Ge, (b) the transverse acoustic phonons from Ge to Si, (c) the longitudinal acoustic phonons from Si to Ge and (d) the longitudinal acoustic phonons from Ge to Si.
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nearest spatial points to the interface approximately equal to those at the 
interface, and their difference approximately equals to the equivalent 
equilibrium temperature jump at the interface. Therefore, when the 
spatial step is very small, calculating the equivalent temperature dif
ference of two nearest spatial points is an effective way to approximately 
obtain the equivalent equilibrium temperature jump at the interface.

After obtaining the equivalent equilibrium temperature jump at the 
interface, the thermal boundary conductance based on the equivalent 
equilibrium temperature is calculated using Eq. (74), shown in Fig. 10. 
The comparison shows that the thermal boundary conductances by DOM 
are close to the experimental results, and furthermore, these calculation 
results are closer and closer to the experiment with decreasing the 
interface roughness [51,53]. It demonstrates that the present DOM 
scheme for interface treatment can effectively capture the interface 
phonon scattering and it is inferred that the specular interface scattering 
makes a significant contribution to the cross-plane interfacial phonon 
transport in the experiment.

Overall, all above comparisons have validated the present DOM 

scheme of interface treatment with the spectral specularity and spectral 
transmissivity. It is adopted to simulate and investigate the roughness 
dependence of cross-plane interfacial phonon transport in multilayer 
films.

3.2. Multilayer films

In subsection 3.2, the DOM scheme constructed in section 2 for 
multilayer films is verified against Monte Carlo simulations in Ref. [16], 
adopting the previous interface treatment with the spectral specularity 
and spectral transmissivity.

The physical model is the four-layer film formed of two material 
pairs, that is, Al (1)/Si(2) and Ge (1)/Si(2), shown in Fig. 1 (b). Same 
with before, the dispersions of Al, Si and Ge are referred to Refs. [43–45] 
and the relaxation times of Si and Ge are referred to Ref. [46]. And the 
relaxation time of Al is obtained using the method in subsection 3.1 with 
the lattice thermal conductivities in Ref. [49]. The total thicknesses of 
multilayer films are selected as 40 and 80 nm with the thicknesses of 

Fig. 19. The cross-plane thermal conductivities of Al/Si multilayer films with the total thickness being 40 nm with the nonidentical interface roughness: (a) fixing 
two interface roughnesses at 0.02 nm and changing another interface roughness, (b) fixing two interface roughnesses at 0.14 nm and changing another interface 
roughness, and (c) fixing two interface roughnesses at 1.8 nm and changing another interface roughness. The abbreviations, 1st Int., 2nd Int., and 3rd Int., denote the 
first, second, and third interfaces, respectively.
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each layer as 10 and 20 nm, respectively, and the spatial steps in all 
simulations are fixed at 0.01 nm. The interface roughnesses of all three 
interfaces first increase from 0.02 to 0.2 nm with the common difference 
0.02 nm and then increase from 0.2 to 1.8 nm with the common dif
ference 0.02 nm. The left and right isothermal boundaries are fixed at 
303 and 297 K. The convergence conditions for the interface boundary 
condition is that the relative error between two adjacent iteration steps 
of deviational intensities at the interface boundaries is smaller than 1×

10− 4, and for the macroscopic information is that the relative errors 
between two adjacent iteration steps of both temperature and heat flux 
are all smaller than 1× 10− 8. The relative errors are calculated by2  

έ =

∑

i

⃒
⃒(Ti)

n+1
− (Ti)

n⃒⃒

∑

i
|(Ti)

n
|

, (76) 

εʹ́ =

∑

i
|(qi)

n+1
− (qi)

n
|

∑

i
|(qi)

n
|

, (77) 

where n is the index of the iteration step; ε, έ , and εʹ́  are the relative 
errors of deviational intensities at interface boundaries, temperature and 

Fig. 20. The cross-plane thermal conductivities of Al/Si multilayer films with the total thickness being 80 nm with the nonidentical interface roughness: (a) fixing 
two interface roughnesses at 0.02 nm and changing another interface roughness, (b) fixing two interface roughnesses at 0.14 nm and changing another interface 
roughness, and (c) fixing two interface roughnesses at 1.8 nm and changing another interface roughness.
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heat flux, respectively. 1 × 10− 4 and 1 × 10− 8 are determined after a 
number of trials to obtain well convergent results. The steady-state 
cross-plane temperature distributions and heat flux are calculated by 
DOM using the scheme in section 2, and the cross-plane thermal con
ductivity is calculated based on Fourier’s law, κ = qL/

(
Tleft − Tright)with 

the total thickness L. The cross-plane temperature distributions and 
thermal conductivities by DOM are compared with MC. Fig. 11(a)–(c), 
Fig. 12(a)–(c), Fig. 13(a)–(c) and Fig. 14(a)–(c) give the steady-state 
cross-plane temperature distributions of multilayer films formed by 
Al/Si and Ge/Si at the interface roughnesses as 0.02, 0.14 and 1.8 nm. 
And Fig. 11(d)–. 12 (d), Fig. 13 (d) and Fig. 14 (d) give the cross-plane 
thermal conductivities of multilayer films formed by Al/Si and Ge/Si at 
various roughnesses. The results by the present DOM scheme agree well 
with those by MC for multilayer films, demonstrating that the DOM 
scheme in section 2 can be well capable of simulating cross-plane 
interfacial phonon transport in multilayer films. In addition, the tem
perature jumps at the interfaces in multilayer films are much larger than 
those inside the materials, indicating that the non-equilibrium effects at 
the interfaces are much stronger than those inside the materials. And the 
maximum cross-plane thermal conductivities of Al/Si multilayer films 
and minimum cross-plane thermal conductivities of Ge/Si multilayer 
films are obtained at interface roughness as 0.08 and 0.08 nm, respec
tively, where the interface scattering is partially specular and partially 
diffuse.

4. Results and discussions

The present section adopts the DOM schemes with the interface 
treatment in section 2 to investigate the roughness dependence of cross- 
plane interfacial phonon transport in multilayer films. Four cases are 
calculated and analyzed, i.e. the cross-plane thermal conductivities with 
identical and nonidentical interface roughnesses and the thermal 
boundary conductances with identical and nonidentical interface 
roughnesses.

4.1. Cross-plane thermal conductivity with identical interface roughness

Subsection 4.1 presents the roughness dependence of cross-plane 
thermal conductivity of multilayer films with identical interface 
roughness for all interfaces. The physical model is the four-layer film 
formed of two material pairs, that is, Al (1)/Si(2) and Ge (1)/Si(2), 
shown in Fig. 1 (b). Same with section 3, the dispersions of Al, Si, and Ge 
are taken from Refs. [43–45] and the relaxation times of Si and Ge are 
taken from Ref. [46]. The relaxation time of Al is also calculated using 
the way in section 3 with the bulk lattice thermal conductivities in 
Ref. [49]. Two total thicknesses are considered, i.e. 40 and 80 nm, and 
the thicknesses of each layer of multilayer films are uniformly fixed at 10 
and 20 nm to exclude the impact of the system size, and the spatial steps 
are all selected as 0.01 nm. The identical interface roughness means that 

Fig. 21. The cross-plane thermal conductivities of Ge/Si multilayer films with the total thickness being 40 nm with the nonidentical interface roughness: (a) fixing 
two interface roughnesses at 0.02 nm and changing another interface roughness, (b) fixing two interface roughnesses at 0.14 nm and changing another interface 
roughness, and (c) fixing two interface roughnesses at 1.8 nm and changing another interface roughness.
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Fig. 22. The cross-plane thermal conductivities of Ge/Si multilayer films with the total thickness being 80 nm with the nonidentical interface roughness: (a) fixing 
two interface roughnesses at 0.02 nm and changing another interface roughness, (b) fixing two interface roughnesses at 0.14 nm and changing another interface 
roughness, and (c) fixing two interface roughnesses at 1.8 nm and changing another interface roughness.

Fig. 23. The cross-plane thermal conductivities of Ge/Si multilayer films with two total thicknesses with the nonidentical interface roughness: (a) the total thickness 
being 40 nm with fixing two interface roughnesses at 0.06 nm and changing another interface roughness, and (b) the total thickness being 80 nm with fixing two 
interface roughnesses at 0.06 nm and changing another interface roughness.
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the interface roughnesses of three interfaces are equal to each other, 
which first increase from 0.02 to 0.2 nm with the common difference 
0.02 nm, and then increase from 0.2 to 1.8 nm with the common dif
ference 0.02 nm. The left and right isothermal boundaries are fixed at 
303 and 297 K, respectively. As subsection 3.2, the relative errors in 
convergence conditions for deviational intensities at interface bound
aries and macroscopic information are selected as 1× 10− 4 and 1×

10− 8, respectively. When both interface boundary condition and 
macroscopic information are convergent, the results are output. With 
these results, the steady-state cross-plane temperature and heat flux are 
obtained and thus the cross-plane thermal conductivities are calculated 
by the formula, κ = qL/

(
Tleft − Tright).

Fig. 11(d), 12 (d), Fig. 13 (d) and Fig. 14 (d) show the cross-plane 
thermal conductivities at various interface roughnesses of Al/Si and 
Ge/Si multilayer films with total thicknesses as 40 and 80 nm. The cross- 
plane thermal conductivities at various interface roughnesses in Al/Si 
and Ge/Si bilayer films with the same total thickness with multilayer 
films and the thickness ratios being 1 are also shown in Figs. 15 and 16
for comparisons. The variation patterns in multilayer films for each 
material pair are similar at two total thicknesses. For Al/Si, the cross- 
plane thermal conductivity of the multilayer film first dramatically in
creases, and then dramatically decreases, and eventually tends to a 

constant. This trend is explained by the variation of the spectral trans
missivity with the phonon frequency, shown in Fig. 17. When the 
interface roughness increases from 0 to 0.06 nm, the transmissivity for 
low- and high-frequency phonons decreases and increases slightly, 
respectively. The decrease is larger than the increase and thus the cross- 
plane thermal conductivity increases with increasing interface rough
ness. When the interface roughness further increases from 0.06 to 1.8 
nm, the transmissivity for low-frequency phonons dramatically de
creases whereas that for high-frequency phonons increases slightly, 
resulting in the dramatic decrease of the cross-plane thermal conduc
tivity. The above variation pattern for multilayer films is similar to that 
for bilayer films, with different size relationships at large and small 
interface roughnesses. In detail, the cross-plane thermal conductivities 
at large and small interface roughnesses are close for multilayer films 
whereas the previous one is much larger than the latter one for bilayer 
films. The difference is mainly caused by the multi-interface coupling 
scattering in multilayer films, which increases the probability of pho
nons from the heat source reaching the heat sink by multiple reflections 
and transmissions.

The detailed explanation is as follows: (1) At small interface rough
ness, the transmissivities of high-frequency phonons are small and their 
reflectivity is large, and some of the emitted high-frequency phonons 

Fig. 24. The thermal boundary conductances at various interface roughnesses in Al/Si multilayer films with two thicknesses with the identical interface roughness: 
(a) the total thickness being 40 nm and each layer thickness being 10 nm, and (b) the total thickness being 80 nm and each layer thickness being 20 nm.

Fig. 25. The thermal boundary conductances at various interface roughnesses in Al/Si bilayer films with two thicknesses: (a) the total thickness being 20 nm and 
each layer thickness being 10 nm, and (b) the total thickness being 40 nm and each layer thickness being 20 nm.
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from the heat source are scattered at the second or third interface, and 
reflected back to be scattered by the first or second interface. Owing to 
the large reflectivity, they are more likely reflected and transport to
wards the heat sink again, increasing the cross-plane thermal conduc
tivity of multilayer films. (2) At medium interface roughness, such as 
0.06 nm, the transmissivities of low- and high-frequency phonons are 
close to and larger than those at small interface roughness, respectively. 
Thus on the one hand, the low-frequency phonons are more likely 
transport across the multilayer film and reach the heat sink owing to 

their large transmissivities; on the other hand, the high-frequency 
phonons are also more likely transport across the multilayer film and 
reach the heat sink after multiple reflections owing to their large 
reflectivity. These two factors makes the cross-plane thermal conduc
tivity of multilayer films at medium interface roughness the largest. (3) 
At large interface roughness, the transmissivities of low- and high- 
frequency phonons are relatively large, and those of low-frequency 
phonons are smaller than those at small interface roughness. The large 
transmissivities make low- and high-frequency phonons less likely 

Fig. 26. Three bilayer films obtained by separating the multilayer film at one of its interfaces: (a) the bilayer film with the left isothermal boundary and the second 
interface, (b) the bilayer film with the first and third interfaces, and (c) the bilayer film with the right isothermal boundary and the second interface. The boundary 
heat sources in (a) and (c) denote the left and right isothermal boundaries, respectively.

Fig. 27. The mean free paths (MFP) of phonons of each polarization for two material pairs: (a) Al/Si and (b) Ge/Si.
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reflected by the first or second interface after their reflections at the 
second or third interface, and these phonons are more likely back to the 
heat source, decreasing the cross-plane thermal conductivity of the 
multilayer film. Yet owing to the large transmissivity, the cross-plane 
thermal conductivities of multilayer films at large interface rough
nesses are still larger than those at small interface roughnesses, whereas 
their differences are not as large as those of bilayer films. Furthermore, it 
is worth noting that the above variation patterns of cross-plane thermal 
conductivity with interface roughness for Al/Si should depend on the 
interface model adopted in the present work. Take two most typical and 
different interface scattering mechanisms here as the comparisons. 
When adopting the interface models considering gray assumption, 
containing AMM, DMM and MMM, etc, the cross-plane thermal con
ductivities for multilayer films at large interface roughnesses are infer
red to be much larger than those at small interface roughnesses. This is 
caused by that the spectral feature of the interface transmissivity is 
ignored in these interface models and thus its impact on the cross-plane 
thermal conductivity of multilayer films should be weakened. Therefore, 
this variation pattern of multilayer films considering the gray assump
tion is similar to that of bilayer film. For other cases considering the 
spectral transmissivity, elastic scattering and polarization conversion, 
the detailed variation of the cross-plane thermal conductivity of 

multilayer films with interface roughness is difficult to be predicted in 
advance, which is more complicated than the present case.

For Ge/Si, the cross-plane thermal conductivity of multilayer films 
first dramatically decreases, and then it dramatically increases, and 
eventually tends to a constant. This trend is also explained by the 
varying spectral transmissivity with the phonon frequency, shown in 
Fig. 18. When the interface roughness increases from 0 to 0.06 nm, the 
transmissivity for both low- and high-frequency phonons decreases 
slightly, resulting in the decreasing cross-plane thermal conductivity. 
When the interface roughness further increases from 0.06 to 1.8 nm, the 
increase of the transmissivity for high-frequency phonons is larger than 
the decrease of low-frequency phonons, resulting in the increasing cross- 
plane thermal conductivity. The above variation pattern for the multi
layer film is similar to that for the bilayer film, with different size re
lationships at large and small interface roughnesses. The cross-plane 
thermal conductivities of multilayer films at small interface roughnesses 
are larger than that at large interface roughnesses, whereas the 
conclusion is opposite for bilayer films. This is also owing to the multiple 
reflections and transmissions caused by the multi-interface coupling 
scattering in multilayer films. The detailed explanation is as follows: (1) 
At small interface roughness, the transmissivities of high-frequency 
phonons are small or their reflectivity is large, and some of the 

Fig. 28. The thermal boundary conductances at various interface roughnesses in Ge/Si multilayer films with two thicknesses with the identical interface roughness: 
(a) the total thickness being 40 nm and each layer thickness being 10 nm, and (b) the total thickness being 80 nm and each layer thickness being 20 nm.

Fig. 29. The thermal boundary conductances at various interface roughnesses in Ge/Si bilayer films with two thicknesses: (a) the total thickness being 20 nm and 
each layer thickness being 10 nm, and (b) the total thickness being 40 nm and each layer thickness being 20 nm.
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emitted high-frequency phonons from the heat source are reflected by 
the second or third interface, and back to the first or second interface. 
Owing to the large reflectivity, they are more likely to undergo sec
ondary reflection and transport towards the heat sink again, increasing 
the cross-plane thermal conductivity of multilayer films. (2) At large 
interface roughness, the transmissivities of high-frequency phonons are 
significantly larger than those at small interface roughness, which in
dicates the reflectivity of high-frequency phonons is significantly 
smaller than that at small interface roughness. The transmissivity of low- 
frequency phonons decreases less from small interface roughness to 
large interface roughness, resulting in a smaller increase in reflectivity. 
The small reflectivity at large interface roughness makes the probability 
of the reflection of low- and high-frequency phonons by the first or 
second interface small, and thus the reflected phonons at the second or 
third interface are more likely back to the heat source, decreasing the 
cross-plane thermal conductivity of the multilayer film. The above ef
fects result in the larger cross-plane thermal conductivities at small 
interface roughnesses for multilayer films. Additionally, the above pat
terns of the cross-plane thermal conductivity varying with the interface 
roughness for Ge/Si also depend on the interface model adopted in the 
present work. Similar to Al/Si, when adopting the interface models 
considering the gray assumption, the variation pattern in multilayer 
films is similar to that for bilayer films since the spectral feature of its 
transmissivity is ignored. When considering the spectral transmissivity, 

elastic scattering and polarization conversion, the detailed variation of 
the cross-plane thermal conductivities for multilayer films with the 
interface roughness is also difficult to be predicted in advance.

4.2. Cross-plane thermal conductivity with nonidentical interface 
roughness

Subsection 4.2 presents the roughness dependence of cross-plane 
thermal conductivity of multilayer films with nonidentical interface 
roughness for all interfaces. The physical model is also the four-layer 
film formed of two material pairs, that is, Al (1)/Si(2) and Ge (1)/Si 
(2), shown in Fig. 1 (b). The dispersions and relaxation times of three 
materials, the total thickness, the thickness of each layer, the spatial 
steps, the relative errors in convergence conditions, and the left and 
right isothermal boundary temperatures are same with subsection 4.1. 
The nonidentical interface roughness means that the interface rough
nesses of two interfaces are fixed and the another one is changed, which 
first increases from 0.02 to 0.2 nm with the common difference 0.02 nm, 
and then increases from 0.2 to 1.8 nm with the common difference 0.02 
nm. The cross-plane thermal conductivities are calculated after obtain
ing the steady-state cross-plane temperature and heat flux distributions 
with formula, κ = qL/

(
Tleft − Tright), shown in Figs. 19–21 and 22.

For Al/Si, when fixing two interface roughnesses at 0.02 nm and 
changing another interface roughness, as shown in Fig. 19 (a) and 

Fig. 30. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 40 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.02 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.02 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.02 nm.
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Fig. 20 (a), there are generally three conclusions with details as follows: 
(1) Increasing the first interface roughness, on the one hand, as Fig. 17
shows, the overall transmissivity of the first interface increases, resulting 
in increasing its thermal boundary conductance and thus the cross-plane 
thermal conductivity. Whereas at large interface roughnesses, the in
crease of the overall transmissivity is not significant and thus the in
crease of cross-plane thermal conductivity is not significant. On the 
other hand, the transmissivities of low- and high-frequency phonons 
decrease and increase with increasing the interface roughness, respec
tively. This means that the amounts of low- and high-frequency phonons 
transmitting across the first interface decrease and increase, respec
tively. The transmissivities of high-frequency phonons at the second and 
third interfaces are very small owing to the small interface roughness. 
Thereby many high-frequency phonons transmitting across the first 
interface are reflected by the second and third interfaces, causing the 
decrease of the cross-plane thermal conductivity. The above effects lead 
to that the cross-plane thermal conductivity almost keeps constant at 
small interface roughnesses and decreases at large interface rough
nesses. (2) Increasing the second interface roughness, on the one hand, 
as Fig. 17 shows, the overall transmissivity of the second interface in
creases, resulting in increasing its thermal boundary conductance and 
thus the cross-plane thermal conductivity. Whereas at large interface 
roughnesses, the increase of the overall transmissivity is not significant 
and thus the increase of cross-plane thermal conductivity is not 

significant. On the other hand, the transmissivities of high-frequency 
phonons are small at the first interface owing to its interface rough
ness is small, hence most phonons transmitting across the first interface 
are low-frequency. With increasing the second interface roughness, the 
transmissivities of low-frequency phonons at the second interface 
decrease and those of high-frequency phonons increase. This makes 
most low-frequency phonons transmitting across the first interface re
flected by the second interface, causing the decrease of the cross-plane 
thermal conductivity. The above effects lead to that the cross-plane 
thermal conductivity almost keeps constant at small interface rough
nesses and decreases at large interface roughnesses. (3) Increasing the 
third interface roughness, on the one hand, as Fig. 17 shows, the overall 
transmissivity of the third interface increases, resulting in increasing its 
thermal boundary conductance and thus the cross-plane thermal con
ductivity. Yet at large interface roughnesses, the increase of the overall 
transmissivity is not significant and thus the increase of the cross-plane 
thermal conductivity is not significant. On the other hand, the trans
missivities of high-frequency phonons are small at the first and second 
interfaces owing to their interface roughnesses are small, hence most 
phonons transmitting across the first and second interfaces are low- 
frequency. With increasing the third interface roughness, the trans
missivities of low-frequency phonons at the third interface decrease and 
those of high-frequency phonons increase. Thus most low-frequency 
phonons transmitting across the first and second interfaces are 

Fig. 31. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.02 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.02 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.02 nm.

X. Ran and B. Cao                                                                                                                                                                                                                             Materials Today Chemistry 49 (2025) 103023 

27 



reflected by the third interface, causing the significant decrease of the 
cross-plane thermal conductivity. The above effects lead to that the 
cross-plane thermal conductivity increases and decreases at small and 
large interface roughnesses, respectively.

For Al/Si, when fixing two interface roughnesses at 0.14 nm and 
changing another interface roughness, as shown in Fig. 19 (b) and 
Fig. 20 (b), there are also generally three conclusions with details as 
follows: (1) Increasing the first interface roughness, on the one hand, as 
Fig. 17 shows, the overall transmissivity of the first interface increases, 
resulting in increasing its thermal boundary conductance and thus the 
cross-plane thermal conductivity. Whereas at large interface rough
nesses, the increase of overall transmissivity is not significant and thus 
the increase of cross-plane thermal conductivity is not significant. On 
the other hand, the transmissivities of low- and high-frequency phonons 
decrease and increase with increasing interface roughness, respectively. 
It means that the amounts of low- and high-frequency phonons trans
mitting across the first interface decrease and increase, respectively. The 
transmissivities of low- and high-frequency phonons at the second and 
third interfaces are relatively large owing to their interface roughnesses 
are moderate, and thus their reflection probabilities are small. Thereby 
the decrease of the cross-plane thermal conductivity caused by the 
reflection of phonons is small at the second and third interfaces. The 
above effects lead to that the cross-plane thermal conductivity first 

increases and then tends to a constant with increasing the first interface 
roughness. (2) Increasing the second interface roughness, on the one 
hand, as Fig. 17 shows, the overall transmissivity of the second interface 
increases, resulting in increasing its thermal boundary conductance and 
thus the cross-plane thermal conductivity. Whereas at large interface 
roughnesses, the increase of the overall transmissivity is not significant 
and thus the increase of cross-plane thermal conductivity is not signif
icant. On the other hand, the transmissivities of low- and high-frequency 
phonons decrease and increase at the second interface, respectively, 
with increasing its interface roughness. It means that the amounts of 
low- and high-frequency phonons transmitting across the second inter
face decrease and increase, respectively. The transmissivities of low- and 
high-frequency phonons at the first and third interfaces are relatively 
large owing to their interface roughnesses are moderate, and thus their 
reflection probabilities are small. Thereby the decrease of the cross- 
plane thermal conductivity caused by the reflection of phonons is 
small at the third interfaces. The above effects lead to that the cross- 
plane thermal conductivity first increases and then tends to a constant 
with increasing the second interface roughness. (3) Increasing the third 
interface roughness, on the one hand, as Fig. 17 shows, the overall 
transmissivity of the third interface increases, resulting in increasing its 
thermal boundary conductance and thus the cross-plane thermal con
ductivity. Yet at large interface roughness, the increase of the overall 

Fig. 32. The cumulative distributions of thermal boundary conductance of each polarization for Al/Si at three interface roughnesses: (a) the transverse acoustic 
phonons from Si to Al, (b) the transverse acoustic phonons from Al to Si, (c) the longitudinal acoustic phonons from Si to Al and (d) the longitudinal acoustic phonons 
from Al to Si.
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transmissivity is not significant and thus the increase of cross-plane 
thermal conductivity is not significant. On the other hand, the trans
missivities of low- and high-frequency phonons are moderate at the first 
and second interfaces owing to their interface roughnesses are moder
ate, hence the amount of low-frequency phonons transmitting across the 
first and second interfaces is comparable to that of high-frequency 
phonons. The impacts of increasing the third interface roughness on 
the transmission probabilities of low- and high-frequency phonons are 
comparable, which makes the cross-plane thermal conductivity almost 
keep constant. The above effects lead to that the cross-plane thermal 
conductivity first increases and then tends to a constant with increasing 
the third interface roughness. In addition, for three cases, i.e. fixing the 
first and second interface roughnesses at 0.14 nm and setting the third 
interface roughness to be a small one, fixing the second and third 
interface roughnesses at 0.14 nm and setting the first interface rough
ness to be a small one, and fixing the first and third interface roughnesses 
at 0.14 nm and setting the second interface roughness to be a small one, 
the cross-plane thermal conductivities of the latter two cases are smaller 
than the former one due to many high-frequency phonons are reflected 
back to the heat source by the first and second interfaces.

For Al/Si, when fixing two interface roughnesses at 1.8 nm and 
changing another interface roughness, as shown in Fig. 19 (c) and 
Fig. 20 (c), there are also generally three conclusions. These conclusions 
and the corresponding explanation are same with the case when fixing 

two interface roughnesses at 0.14 nm and changing another interface 
roughness, hence no further elaboration is provided here. In addition, 
for Al/Si, fixing two interface roughnesses at 0.02 nm and setting the 
first or second interface roughness as 0.14 or 1.8 nm, or fixing two 
interface roughnesses at 0.14 or 1.8 nm and setting the first or second 
interface roughness as 0.02 nm, give smaller cross-plane thermal con
ductivities than the minimum cross-plane thermal conductivities with 
the identical interface roughness. This conclusion is different from the 
prediction using one-dimensional thermal resistance network model 
based on the classical law, Fourier’s law, which gives the minimum 
cross-plane thermal conductivity at the identical and small interface 
roughness for Al/Si [54]. This observation is caused by different 
roughness dependences of the spectral transmissivity at different inter
face roughnesses, and it provides a new way to manipulate the 
cross-plane thermal conductivity of the multilayer film. The detailed 
explanation is as follows: When the second and third interfaces or the 
first and third interfaces are fixed at small interface roughnesses, the 
low-frequency phonons more likely transmit across these two interfaces 
and the high-frequency phonons are more likely reflected back. And 
fixing the first or second interface at large interface roughnesses, the 
low-frequency phonons are more likely reflected back, and the increase 
of transmission probability of the high-frequency phonons is small. 
These interface roughness settings greatly reflect the phonons back to 
the heat source and further reduce the cross-plane thermal conductivity. 

Fig. 33. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 40 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.14 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.14 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.14 nm.
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Similarly, when the second and third interfaces or the first and third 
interfaces are fixed at large interface roughnesses, the high-frequency 
phonons more likely transmit across these two interfaces and the 
low-frequency phonons are more likely reflected back. And fixing the 
first or second interface at small interface roughnesses, the 
high-frequency phonons are more likely reflected back, and the increase 
of transmission probability of the low-frequency phonons is small. These 
interface roughness settings also greatly reflect the phonons back to the 
heat source and further reduce the cross-plane thermal conductivity of 
the multilayer film.

For Ge/Si, when fixing two interface roughnesses at 0.02 nm and 
changing another interface roughness, as shown in Fig. 21 (a) and 
Fig. 22 (a), there are generally three conclusions with details as follows: 
(1) Increasing the first interface roughness, on the one hand, as Fig. 18
shows, the overall transmissivity of the first interface first increases and 
then decreases, resulting in its thermal boundary conductance and the 
cross-plane thermal conductivity of multilayer films to first increase and 
then decrease. On the other hand, with increasing interface roughness, 
the transmissivities of both low- and high-frequency phonons first 
decrease and then those of low- and high-frequency phonons slightly 
decrease and dramatically increase, respectively. This means that the 
amount of low-frequency phonons transmitting across the first interface 
decreases, and that of high-frequency phonons first slightly decreases 
and then dramatically increases. Owing to the interface roughness is 

small, the transmissivities of high-frequency phonons are very small at 
the second and third interfaces. Thereby many high-frequency phonons 
transmitting across the first interface are reflected by the second and 
third interfaces, causing the decrease of the cross-plane thermal con
ductivity. The above effects lead to that the cross-plane thermal con
ductivity of multilayer films decreases and increases at small and large 
interface roughnesses, respectively. (2) Increasing the second interface 
roughness, on the one hand, as Fig. 18 shows, the overall transmissivity 
of the second interface first increases and then decreases, resulting in its 
thermal boundary conductance and the cross-plane thermal conductiv
ity of multilayer films to first increase and then decrease. On the other 
hand, the transmissivities of high-frequency phonons are small at the 
first interface owing to its small interface roughness, hence most pho
nons transmitting across the first interface are low-frequency. With 
increasing the second interface roughness, the transmissivities of both 
low- and high-frequency phonons first decrease, and then those of low- 
and high-frequency phonons slightly decrease and dramatically in
crease, respectively. This makes many low-frequency phonons trans
mitting across the first interface reflected by the second interface, 
causing the decrease of the cross-plane thermal conductivity. The above 
effects lead to the decrease of the cross-plane thermal conductivity of 
multilayer films. (3) Increasing the third interface roughness, on the one 
hand, as Fig. 18 shows, the overall transmissivity of the third interface 
first increases and then decreases, resulting in its thermal boundary 

Fig. 34. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.14 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.14 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.14 nm.
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conductance and the cross-plane thermal conductivity of multilayer 
films to first increase and then decrease. On the other hand, the trans
missivities of high-frequency phonons are small at the first and second 
interfaces owing to their interface roughnesses are small, hence most 
phonons transmitting across the first and second interfaces are low- 
frequency. With increasing the third interface roughness, the trans
missivities of both low- and high-frequency phonons first decrease, and 
then those of low- and high-frequency phonons slightly decrease and 
dramatically increase, respectively. Thus many low-frequency phonons 
transmitting across the first and second interfaces are reflected by the 
third interface, causing the significant decrease of the cross-plane 
thermal conductivity. The above effects lead to the decrease of the 
cross-plane thermal conductivity of multilayer films.

For Ge/Si, when fixing two interface roughness at 0.14 nm and 
changing another interface roughness, as shown in Fig. 21 (b) and 
Fig. 22 (b), there are generally three conclusions with details as follows: 
(1) Increasing the first interface roughness, on the one hand, as Fig. 18
shows, the overall transmissivity of the first interface first increases and 
then decreases, resulting in its thermal boundary conductance and the 
cross-plane thermal conductivity of the multilayer film to first increase 
and then decrease. On the other hand, with increasing interface 
roughness, the transmissivities of both low- and high-frequency phonons 
first decrease, and then slightly decrease and dramatically increase, 

respectively. This means that the amount of low-frequency phonons 
transmitting across the first interface decreases, and that of high- 
frequency phonons first slightly decreases and then dramatically in
creases. Owing to the interface roughness is small, the transmissivities of 
high-frequency phonons are very small at the second and third in
terfaces. Thereby many high-frequency phonons transmitting across the 
first interface are reflected by the second and third interfaces, causing 
the decrease of the cross-plane thermal conductivity. The above effects 
lead to that the cross-plane thermal conductivity decreases at small 
interface roughness and increases at large interface roughness. (2) 
Increasing the second interface roughness, on the one hand, as Fig. 18
shows, the overall transmissivity of the second interface first increases 
and then decreases, resulting in its thermal boundary conductance and 
the cross-plane thermal conductivity of the multilayer film to first in
crease and then decrease. On the other hand, the transmissivities of low- 
and high-frequency phonons are comparable at the first interface owing 
to its moderate interface roughness, hence there are comparable low- 
and high-frequency phonons transmitting across the first interface. With 
increasing the second interface roughness, the transmissivities of both 
low- and high-frequency phonons first decrease, and then slightly 
decrease and dramatically increase, respectively. This makes the 
amounts of low- and high-frequency phonons transmitting across the 
second interface from the first interface first decease and then increase, 

Fig. 35. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 40 nm with nonidentical interface roughness: 
(a) changing the first interface roughness and fixing two other interface roughnesses at 1.8 nm, (b) changing the second interface roughness and fixing two other 
interface roughnesses at 1.8 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 1.8 nm.
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causing the cross-plane thermal conductivity to first decrease and then 
increase. The above effects lead to the cross-plane thermal conductivity 
first decrease and then increase. (3) Increasing the third interface 
roughness, on the one hand, as Fig. 18 shows, the overall transmissivity 
of the third interface first increases and then decreases, resulting in its 
thermal boundary conductance and the cross-plane thermal conductiv
ity of the multilayer film to first increase and then decrease. On the other 
hand, the transmissivities of low- and high-frequency phonons are 
moderate at the first and second interfaces owing to their interface 
roughnesses are moderate, hence the amount of low-frequency phonons 
transmitting across the first and second interfaces is comparable to that 
of high-frequency phonons. With increasing the third interface rough
ness, the transmissivities of both low- and high-frequency phonons first 
decrease, and then slightly decrease and dramatically increase, respec
tively. Thus the amounts of low- and high-frequency phonons trans
mitting across the third interface from the second interface first decease 
and then increase, causing a decrease followed by an increase of the 
cross-plane thermal conductivity. The above effects lead to the cross- 
plane thermal conductivity first decrease and then increase as well.

For Ge/Si, when fixing two interface roughnesses at 1.8 nm and 
changing another interface roughness, as shown in Fig. 21 (c) and 
Fig. 22 (c), there are also generally three conclusions. These conclusions 
and the corresponding explanation are same with the case when fixing 
two interface roughnesses at 0.14 nm and changing another interface 

roughness, hence no further elaboration is provided here. In addition, 
different from the Al/Si, all the present cross-plane thermal conductiv
ities with nonidentical interface roughness of Ge/Si are larger than the 
cross-plane minimum thermal conductivities with the identical interface 
roughness. After analyses on the spectral transmissivity of Ge/Si, with 
the interface roughness increasing from 0 to 0.06 nm, the trans
missivities of both low- and high-frequency phonons decrease, and 
further increasing the interface roughness, those of low- and high- 
frequency phonons decrease and increase, respectively. It is inferred 
that the interface roughness, 0.02 nm, for Al/Si should be replaced with 
0.06 nm for Ge/Si. Therefore, to demonstrate the manipulation measure 
of the cross-plane thermal conductivity in Al/Si is still effective in Ge/Si, 
the interface roughnesses in Ge/Si multilayer film are reset as follows: 
Fixing two interface roughnesses at 0.06 nm, and changing another 
interface roughness. For simplicity, the case with fixing one interface 
roughness at 0.06 nm and changing other two interface roughnesses is 
not simulated here. With the same physical model, phonon properties, 
spatial step and isothermal boundary temperatures as before, two sizes 
are simulated, i.e. the total thickness being 40 nm with thickness of each 
layer being 10 nm and the total thickness being 80 nm with thickness of 
each layer being 20 nm. The results are shown in Fig. 23, and they give 
the minimum cross-plane thermal conductivities as 
0.9777

(
W m− 1 K− 1) and 1.9101

(
W m− 1 K− 1) for the total thicknesses 

being 40 and 80 nm, respectively, smaller than 1.01
(
W m− 1 K− 1) and 

Fig. 36. The thermal boundary conductances of three interfaces in Al/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 1.8 nm, (b) changing the second interface roughness and fixing two 
other interface roughnesses at 1.8 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 1.8 nm.
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1.9664
(
W m− 1 K− 1) in Fig. 13 (d) and Fig. 14 (d). This means that the 

cross-plane thermal conductivity with nonidentical interface roughness 
can be smaller than that with the identical interface roughness, 
demonstrating that the previous manipulation measure is still effective 
in Ge/Si. The underlying mechanism is same with that for Al/Si, i.e. 
different roughness dependences of the spectral transmissivity at 
different interface roughnesses.

Finally, the above patterns of the cross-plane thermal conductivity 
varying with the interface roughness for Al/Si and Ge/Si also depend on 
the interface model adopted in the present work. Similar to the case with 
the identical interface roughness, when adopting the interface models 
considering the gray assumption, the conclusions resulted by the spec
tral feature of the transmissivity will be significantly different and even 
disappear. For instance, the patterns of cross-plane thermal conductiv
ities varying with the interface roughness at different interfaces will be 
similar to each other. And the minimum cross-plane thermal conduc
tivity will be obtained with the identical interface roughness, rather than 
with nonidentical interface roughness like in the present work. When 
considering the spectral transmissivity, elastic scattering and polariza
tion conversion, the detailed variation of the cross-plane thermal con
ductivities for multilayer films with interface roughness is too difficult to 
be predicted in advance.

4.3. Thermal boundary conductance with identical interface roughness

The thermal boundary conductances in subsection 4.1 are calculated 
for both Al/Si and Ge/Si multilayer films. For Al/Si, the variation pat
terns of thermal boundary conductance with the interface roughness are 
similar for two total thicknesses, shown in Fig. 24, with the thermal 
boundary conductance of the bilayer film in Fig. 25 for comparisons. In 
multilayer films, the thermal boundary conductances of three interfaces 
first increase, and then decrease, and eventually tend to constants with 
increasing interface roughness. The explanation for this variation is as 
follows: When changing the interface roughness of three interfaces 
together, the variation of thermal boundary conductance of one inter
face is dominated by the variation of its transmissivity, similar to bilayer 
films. As shown in Fig. 17, the decrease of the transmissivity for low- 
frequency phonons is smaller and much larger than the increase of the 
high-frequency phonons for interface roughness from 0 to 0.06 nm and 
from 0.06 to 1.8 nm, respectively, which leads the thermal boundary 
conductance to first increase and then decrease. As shown in Fig. 24, the 
thermal boundary conductances of three interfaces are different at each 
interface roughness for both total thicknesses, that is, the thermal 
boundary conductances of the second, first and third interfaces decrease 
sequentially. To explain the difference, three types of bilayer films are 
introduced and shown in Fig. 26, obtained by separating the multilayer 
film from one of the interfaces. The difference among three films lies in 

Fig. 37. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 40 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.02 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.02 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.02 nm.
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their different boundaries. Different boundaries result in different scat
tering strengths along the same and opposite directions of heat flux at 
the middle interface. The interface scattering results in the change of 
momentum and then poses the thermal resistance, and the stronger the 
interface scattering, the greater the change in momentum, and the larger 
the thermal resistance. And the interface scattering along the same di
rection of heat flux results in the increase of change of the momentum in 
this direction, and thus the increase of the thermal resistance and the 
decrease of thermal boundary conductance at the interface. On the 
contrary, the interface scattering along the opposite direction of heat 
flux results in the decrease of the momentum in this direction, and thus 
the decrease of the thermal resistance and the increase of the thermal 
boundary conductance at the interface. For the bilayer film in Fig. 26 
(b), interface scattering strengths along both the same and opposite di
rections of heat flux at the middle interface are strong due to both the 
first and third interfaces reflect incident phonons. For other bilayer films 
in Fig. 26, Al and Si layers contact with the boundary heat sources in (a) 
and (c), respectively. On the one hand, since the mean free paths of 
phonons in Si are much larger than those in Al as shown in Fig. 27 (a), 
phonons emitted from the boundary heat sources in (c) are scattered 
more strongly at the middle interface along the same direction of heat 
flux than that in (a). Thereby, from this viewpoint, the thermal boundary 
conductance of the middle interface in Fig. 26 (c) is smaller than that in 
(a). On the other hand, since the transmissivities of phonons from Si to 

Al are larger than those from Al to Si as shown in Fig. 17, more phonons 
are reflected by the second interface in (c), and scattered more strongly 
at the middle interface along the opposite direction of heat flux than in 
(a). Thereby, from this viewpoint, the thermal boundary conductance of 
the middle interface in Fig. 26 (c) is larger than that in (a). Since the 
difference of the transmissivities among the phonons between two ma
terials is smaller than that for the mean free paths of phonons for Al/Si, 
the effect caused by the former dominates, and thus the thermal 
boundary conductance of the middle interface in Fig. 26 (c) is smaller 
than that in (a). Totally, for Al/Si multilayer films, the thermal boundary 
conductances of the second and third interfaces are the largest and 
smallest at each interface roughness, respectively, and that of the first 
interface is in between.

For Ge/Si, the thermal boundary conductance also varies with the 
interface roughness similarly for two total thicknesses, shown in Fig. 28, 
with the thermal boundary conductance of the bilayer film in Fig. 29 for 
comparisons. In multilayer films, with increasing interface roughness, 
the thermal boundary conductances of three interfaces first decrease, 
and then increase, and eventually tend to constants. This variation can 
also be explained by the variation of the transmissivity with the interface 
roughness, similar to the Al/Si. As shown in Fig. 18, the decrease of 
transmissivity for both low- and high-frequency phonons leads to the 
decrease of the thermal boundary conductance from 0 to 0.06 nm, and 
then the decrease of the transmissivity for low-frequency phonons is 

Fig. 38. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.02 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.02 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.02 nm.
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smaller than the increase of the high-frequency phonons from 0.06 to 
1.8 nm, leading to the increase of the thermal boundary conductance. As 
shown in Fig. 28, the thermal boundary conductances of three interfaces 
are also different at each interface roughness for both total thicknesses, 
that is, the thermal boundary conductances of the second, third and first 
interfaces decrease sequentially at small interface roughnesses, whereas 
those of the second, first and third interfaces decrease sequentially at 
large interface roughnesses. The previous three types of bilayer films 
Fig. 26 are also introduced to explain these differences. Similar to Al/Si, 
for the bilayer film in Fig. 26 (b), interface scattering strengths along 
both the same and opposite directions of heat flux at the middle interface 
are strong owing to the reflections of incident phonons at the first and 
third interfaces. For the bilayer films in Fig. 26 (a) and (c), Ge and Si 
layers contact with the boundary heat sources in (a) and (c), respec
tively. On the one hand, the mean free paths of phonons in Si are larger 
than those in Ge as shown in Fig. 27 (b), hence the middle interface 
scatters the emitted phonons from the boundary heat sources more 
strongly in (c) along the same direction of heat flux than in (a). Thereby, 
from this viewpoint, the thermal boundary conductance of the middle 
interface in Fig. 26 (c) is smaller than that in (a). On the other hand, 
since the transmissivities of phonons from Si to Ge are much larger than 
those from Ge to Si as shown in Fig. 18, the second interface in (c) re
flects more phonons, and its middle interface scatters phonons more 

strongly at the middle interface along the opposite direction of heat flux 
than in (a). Thereby, from this viewpoint, the thermal boundary 
conductance of the middle interface in Fig. 26 (c) is larger than that in 
(a). At small interface roughnesses, the difference for the transmissivity 
of phonons between two materials is larger than that for the mean free 
paths and the effect caused by the latter dominates. Hence the thermal 
boundary conductance of the middle interface in Fig. 26 (a) is smaller 
than that in (c). Whereas at large interface roughness, the difference of 
the transmissivities among the phonons between two materials is 
smaller than that for the mean free paths and the effect caused by the 
former dominates. Hence the thermal boundary conductance of the 
middle interface in Fig. 26 (c) is smaller than that in (a). Totally, for Ge/ 
Si multilayer film at small interface roughnesses, the thermal boundary 
conductances of the second and first interfaces are the largest and 
smallest, respectively, and that of the third interface is in between. 
Whereas at large interface roughnesses, the thermal boundary conduc
tance of the second and third interfaces are the largest and smallest, 
respectively, and that of the first interface is in between.

Finally, the above patterns of thermal boundary conductance varying 
with the interface roughness for Al/Si and Ge/Si are dependent on the 
interface model adopted in the present work. Similar to the cases for the 
cross-plane thermal conductivity, take two most typical and different 
interface scattering mechanisms here as the comparisons as well. When 

Fig. 39. The cumulative distributions of thermal boundary conductance of each polarization for Ge/Si at three interface roughnesses: (a) the transverse acoustic 
phonons from Si to Ge, (b) the transverse acoustic phonons from Ge to Si, (c) the longitudinal acoustic phonons from Si to Ge and (d) the longitudinal acoustic 
phonons from Ge to Si.
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adopting the interface models considering the gray assumption, the 
variation patterns of thermal boundary conductances at different in
terfaces, and their sizes and size relationships should be different from 
the present calculations with the details to be predicted in advance 
difficultly. When considering the spectral transmissivity, elastic scat
tering and polarization conversion, this interface mechanism is very 
complicated, causing the detailed variation patterns of the thermal 
boundary conductances for multilayer films with the interface rough
ness too difficultly to be predicted in advance.

4.4. Thermal boundary conductance with nonidentical interface 
roughness

The thermal boundary conductances in subsection 4.2 are calculated 
for both Al/Si and Ge/Si multilayer films. The results of Al/Si multilayer 
films with changing one interface roughness and fixing two other 
interface roughnesses at 0.02 nm are given in Figs. 30 and 31 for both 
total thicknesses being 40 and 80 nm, respectively. Overall, the results 
are divided into three aspects. 

(1) When increasing the first interface roughness shown in Fig. 30 (a) 
and Fig. 31 (a), the thermal boundary conductance of the first 
interface first increases, and then slightly decreases, and even
tually tends to a constant. That of the second interface first 

decreases and then tends to a constant, and that of the third 
interface almost keeps constant. The corresponding explanation 
is given as follows: Increasing the first interface roughness, its 
thermal boundary conductance is dominated by its own trans
missivity, which gives the first increase and then decrease of 
thermal boundary conductance. To explain the variation patterns 
of other two interfaces, the cumulative distribution of thermal 
boundary conductance is introduced:

Φ=

∫ ω0
0

∫ π
2
0 Cω,p,1vg,1(ω, p)α12(ω, p, θ)sin θ cos θdθdω

∫ ωmax,p,1
0

∫ π
2
0 Cω,p,1vg,1(ω,p)α12(ω,p, θ)sin θ cos θdθdω

. (78) 

This distribution represents the contribution ratio of phonons with 
frequency less than ω0 and polarization p to the total thermal boundary 
conductance contributed from phonons with polarization p. And as 
Fig. 32 shows, the main contribution on thermal boundary conductance 
of the second interface is from high-frequency phonons, with trans
missivities increasing with increasing the first interface roughness. Thus 
more high-frequency phonons transport across the first interface and are 
scattered by the second interface, leading to the decrease of thermal 
boundary conductance of the second interface. The third interface is 
farthest from the first interface and minimally affected, hence its ther
mal conductance almost keeps constant. 

Fig. 40. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 40 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.14 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.14 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.14 nm.
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(2) When increasing the second interface roughness shown in Fig. 30 
(b) and Fig. 31 (b), the thermal boundary conductance of the 
second interface also first increases, and then slightly decreases, 
and eventually tends to a constant. That of the first interface first 
decreases and then tends to a constant, and that of the third 
interface slightly decreases. The corresponding explanation is 
given as follows: Increasing the second interface roughness, its 
thermal boundary conductance is mainly affected by its own 
transmissivity, giving the first increase and then decrease of 
thermal boundary conductance. And as Fig. 32 shows, the main 
contribution on thermal boundary conductance is from high- 
frequency phonons, with transmissivities increasing with 
increasing the second interface roughness. Thus less high- 
frequency phonons are reflected by the second interface and 
scattered at the first interface along the opposite direction of heat 
flux, leading to the decrease of thermal boundary conductance of 
the first interface. Whereas for the third interface, more high- 
frequency phonons transport across the second interface and 
are scattered along the same direction of heat flux, leading to the 
slight decrease of its thermal boundary conductance.

(3) When increasing the third interface roughness shown in Fig. 30 
(c) and Fig. 31 (c), same with before, the thermal boundary 
conductance of the third interface first increases, and then 
slightly decreases, and eventually tends to a constant. Those of 

the first and third interfaces decrease and slightly decrease, 
respectively. The corresponding explanation is given as follows: 
Increasing the third interface roughness, its own transmissivity is 
the leading factor of its thermal boundary conductance, resulting 
in the first increase and then decrease of thermal boundary 
conductance. And as Fig. 32 shows, the main contribution on 
thermal boundary conductance is from high-frequency phonons, 
with transmissivities increasing with increasing the third inter
face roughness. Thus less high-frequency phonons are reflected 
by the third interface and scattered at the first and second in
terfaces along the opposite direction of heat flux, which results in 
decrease and slight decrease of thermal boundary conductance of 
the first and second interfaces, respectively.

Figs. 33 and 34 present the results of Al/Si multilayer films with 
changing one interface roughness and fixing two other interface 
roughnesses at 0.14 nm for the total thicknesses being 40 and 80 nm, 
respectively, and Figs. 35 and 36 present those with changing one 
interface roughness and fixing two other interface roughnesses at 1.8 
nm. The results are also divided into three aspects: (1) When increasing 
the first interface roughness shown in Fig. 33 (a) and Fig. 34 (a), or in 
Fig. 35 (a) and Fig. 36 (a), the thermal boundary conductance of the first 
interface first increases, and then slightly decreases, and eventually 
tends to a constant. That of the second interface first decreases and then 

Fig. 41. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 0.14 nm, (b) changing the second interface roughness and fixing 
two other interface roughnesses at 0.14 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 0.14 nm.
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tends to a constant, and that of the third interface almost keeps constant. 
(2) When increasing the second interface roughness shown in Fig. 33 (b) 
and Fig. 34 (b), or in Fig. 35 (b) and Fig. 36 (b), the thermal boundary 
conductance of the second interface also first increases, and then slightly 
decreases, and eventually tends to a constant. That of the first interface 
first decreases and then tends to a constant, and that of the third inter
face slightly decreases. (3) When increasing the third interface rough
ness shown in Fig. 33 (c) and Fig. 34 (c), or in Fig. 35 (c) and Fig. 36 (c), 
same with before, the thermal boundary conductance of the third 
interface first increases, and then slightly decreases, and eventually 
tends to a constant. Those of the first and third interfaces decrease and 
slightly decrease, respectively. The explanation for the above variation 
patterns is same with the cases with changing one interface roughness 
and fixing two other interface roughnesses at 0.02 nm. Totally, the 
variation in one interface roughness changes its own transmissivity, 
which dominates the variation of the thermal boundary conductance of 
this interface and affect those of other interfaces.

The results of Ge/Si multilayer films with changing one interface 
roughness and fixing two other interface roughnesses at 0.02 nm are 
given in Figs. 37 and 38 for both total thicknesses being 40 and 80 nm, 
respectively. Overall, the results are divided into three aspects. 

(1) When increasing the first interface roughness shown in Fig. 37 (a) 
and Fig. 38 (a), the thermal boundary conductance of the first 

interface first decreases, and then dramatically increases, and 
eventually tends to a constant. That of the second interface first 
slightly decreases, and then dramatically decreases, and next 
slightly increases, and eventually tends to a constant. And that of 
the third interface first slightly increases, and then decreases, and 
eventually tends to a constant. The corresponding explanation is 
given as follows: Increasing the first interface roughness, its own 
transmissivity dominates its thermal boundary conductance, 
giving the variation pattern of its thermal boundary conductance 
with interface roughness above. For the other two interfaces, the 
cumulative distribution of thermal boundary conductance in Eq. 
(78) for Ge/Si is also introduced to explain the variation patterns. 
And as Fig. 39 shows, the main contribution on thermal boundary 
conductance is from high-frequency phonons, with trans
missivities first decreasing and then increasing when increasing 
the first interface roughness. Thus at small interface roughnesses, 
on the one hand, less high-frequency phonons transport across 
the first interface and are scattered by the second interface, 
leading to the increase of thermal boundary conductance of the 
second interface. On the other hand, less high-frequency phonons 
are reflected by the third interface and scattered at the second 
interface along the opposite direction of heat flux, leading to the 
decrease of thermal boundary conductance. Two effects above 
cause the thermal boundary conductance of the second interface 

Fig. 42. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 40 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 1.8 nm, (b) changing the second interface roughness and fixing two 
other interface roughnesses at 1.8 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 1.8 nm.
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to slightly decrease at small interface roughnesses. And further 
increasing the first interface roughness, the transmissivity of 
high-frequency phonons increases a lot, and the first effect be
comes more and more significant, leading to the dramatic in
crease of thermal boundary conductance. At large interface 
roughnesses, the transmissivities of all phonons are almost un
changed, hence the thermal boundary conductance tends to a 
constant. For the third interface, since the amount of high- 
frequency phonons first decreases and then increases, the scat
tering strength at this interface along the same direction of heat 
flux first decreases and then increases, leading to the first increase 
and then decrease of its thermal boundary conductance.

(2) When increasing the second interface roughness shown in Fig. 37 
(b) and Fig. 38 (b), the thermal boundary conductance of the 
second interface also first decreases, and then dramatically in
creases, and eventually tends to a constant. That of the first 
interface first slightly increases, and then decreases, and even
tually tends to a constant. And that of the third interface first 
slightly decreases, and then decreases, and eventually tends to a 
constant. The corresponding explanation is given as follows: 
Increasing the second interface roughness, its thermal boundary 
conductance is mainly affected by its own transmissivity, giving 
the variation pattern of its thermal boundary conductance with 
the interface roughness above. And as Fig. 39 shows, the main 

contribution on thermal boundary conductance is from high- 
frequency phonons, with transmissivities first decreasing and 
then increasing when increasing the second interface roughness. 
Thus at small interface roughnesses, high-frequency phonons are 
reflected by the second interface and scattered at the first inter
face along the opposite direction of heat flux, leading to the 
thermal boundary conductance of the first interface to slightly 
increase. And further increasing the second interface roughness, 
the transmissivity of high-frequency phonons increases a lot and 
less high-frequency phonons are reflected by the second interface 
and scattered at the first interface along the opposite direction of 
heat flux, leading to the decrease of thermal boundary conduc
tance of the first interface. At large interface roughnesses, the 
almost unchanged transmissivities of all phonons cause that the 
thermal boundary conductance tends to a constant. For the third 
interface at small interface roughnesses, since the transmissivities 
of high-frequency phonons at the second interface are small, few 
phonons are reflected by the second interface and scattered at the 
third interface along the same direction of heat flux, leading to 
the thermal boundary conductance of the third interface to 
decrease. At large interface roughnesses, the transmissivities of 
high-frequency phonons at the second interface are large and 
many phonons transport across the second interface and scattered 
at the third interface along the same direction of heat flux, 

Fig. 43. The thermal boundary conductances of three interfaces in Ge/Si multilayer films with the total thickness being 80 nm with the nonidentical interface 
roughness: (a) changing the first interface roughness and fixing two other interface roughnesses at 1.8 nm, (b) changing the second interface roughness and fixing two 
other interface roughnesses at 1.8 nm, and (c) changing the third interface roughness and fixing two other interface roughnesses at 1.8 nm.
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leading to the thermal boundary conductance of the third inter
face to decrease.

(3) When increasing the third interface roughness shown in Fig. 37 
(c) and Fig. 38 (c), same with before, the thermal boundary 
conductance of the third interface first decreases, and then in
creases, and eventually tends to a constant. That of the first 
interface first increases, and then decreases, and eventually tends 
to a constant. That of the second interface first dramatically de
creases, and then tends to a constant. The corresponding expla
nation is given as follows: Increasing the third interface 
roughness, its own transmissivity is the leading factor of its 
thermal boundary conductance, resulting in the first decrease and 
then increase of thermal boundary conductance. And as Fig. 39
shows, the high-frequency phonons also contribute more to 
thermal boundary conductance, with transmissivities first 
decreasing and then increasing when increasing the third inter
face roughness. The amount of high-frequency phonons reflected 
by the third interface and scattered by the first interface along the 
opposite direction of heat flux first increases and then decreases. 
Thus the thermal boundary conductance of the first interface first 
increases and then decreases. At large interface roughnesses, the 
almost unchanged transmissivities of all phonons give the almost 
unchanged thermal boundary conductance. For the second 
interface at small interface roughnesses, many high-frequency 
phonons are reflected by the third interface and transport 
across the second interface. Then they are more likely reflected 
by the first interface back to be scattered at the second interface 
along the same direction of heat flux owing to the transmissivity 
at the first interface is small, leading to the thermal boundary 
conductance of the second interface to decrease. Further 
increasing the third interface roughness, the transmissivities of 
high-frequency phonons increase a lot. Thus few phonons are 
reflected by the third interface back to be scattered by the second 
interface, continually decreasing the thermal boundary conduc
tance of the second interface. At large interface roughnesses, the 
almost unchanged transmissivities of all phonons also give the 
almost unchanged thermal boundary conductance.

Figs. 40 and 41 present the results of Ge/Si multilayer films with 
changing one interface roughness and fixing two other interface 
roughnesses at 0.14 nm for the total thicknesses being 40 and 80 nm, 
respectively, and Figs. 42 and 43 present those with changing one 
interface roughness and fixing two other interface roughnesses at 1.8 
nm. Altogether, the results are also divided into three aspects: (1) When 
increasing the first interface roughness shown in Fig. 40 (a) and Fig. 41 
(a), or in Fig. 42 (a) and Fig. 43 (a), the thermal boundary conductance 
of the first interface first decreases, and then dramatically increases, and 
eventually tends to a constant. That of the second interface first slightly 
increases, and then decreases, and next increases, and eventually tends 
to a constant. And that of the third interface first slightly increases, and 
then decreases, and eventually tends to a constant. (2) When increasing 
the second interface roughness shown in Fig. 40 (b) and Fig. 41 (b), or in 
Fig. 42 (b) and Fig. 43 (b), the thermal boundary conductance of the 
second interface also first decreases, and then dramatically increases, 
and eventually tends to a constant. That of the first interface first slightly 
increases, and then decreases, and next increases, and eventually tends 
to a constant. And that of the third interface first slightly decreases, and 
then decreases, and eventually tends to a constant. (3) When increasing 
the third interface roughness shown in Fig. 40 (c) and Fig. 41 (c), or in 
Fig. 42 (c) and Fig. 43 (c), same with before, the thermal boundary 
conductance of the third interface first decreases, and then increases, 
and eventually tends to a constant. That of the first interface first slightly 
increases, and then slightly decreases, and eventually tends to a con
stant. That of the second interface first decreases, and then tends to a 
constant. The explanation for the above variation patterns is same with 
the cases with changing one interface roughness and fixing two other 

interface roughnesses at 0.02 nm. Totally, the variation in one interface 
roughness changes its own transmissivity, which dominates the varia
tion of the thermal boundary conductance of this interface and affect 
those of other interfaces.

Finally, the above patterns of thermal boundary conductance varying 
with the interface roughness for Al/Si and Ge/Si are also dependent on 
the interface model adopted in the present work. Similar to all above 
cases, take two most typical and different interface scattering mecha
nisms here as the comparisons as well. When adopting the interface 
models considering the gray assumption, the sizes and size relationships 
of thermal boundary conductance at different interfaces should be much 
different from the present calculations, since the spectral feature of their 
transmissivities disappears. When considering the spectral trans
missivity, elastic scattering and polarization conversion, as concluded 
above, the result will be very complicated and the detailed variation of 
the thermal boundary conductances for multilayer films with the 
interface roughness is too difficult to be predicted in advance.

5. Conclusions

In summary, the present work has investigated the impact of inter
face roughness on cross-plane interfacial phonon transport in multilayer 
films with DOM. First, DOM schemes for interface treatement consid
ering the spectral specularity and spectral transmissivity, and for cross- 
plane interfacial phonon transport across multilayer films are devel
oped, and validated against Landauer formalism and experiments, and 
against MC, respectively. Then the roughness dependence of cross-plane 
interfacial phonon transport in multilayer films is studied by DOM with 
the validated schemes. Both cross-plane thermal conductivity and 
thermal boundary conductance are calculated in multilayer films with 
the identical and nonidentical interface roughnesses, mainly containing 
two aspects. 

(1) Considering the identical interface roughness, the variation 
pattern of the cross-plane thermal conductivity of multilayer 
films with the roughness is similar to that of bilayer films. The 
size relationship between the cross-plane thermal conductivities 
of multilayer films at small and large interface roughnesses is 
different from that of bilayer films. This phenomenon is explained 
by the trends of the spectral transmissivity of low- and high- 
frequency phonons varying with the interface roughness. 
Considering the nonidentical interface roughness, there is a sig
nificant difference in the trend of the cross-plane thermal con
ductivity of multilayer films with changing the roughness of 
different interfaces. This is also attributed to the different trends 
of the spectral transmissivity of low- and high-frequency phonons 
varying with the interface roughness. Consequently, setting the 
nonidentical interface roughness is proposed to more effectively 
manipulate the cross-plane thermal conductivity of multilayer 
films, compared with the identical interface roughness.

(2) Considering the identical interface roughness, the variation of 
thermal boundary conductance of one interface is dominated by 
the variation of its roughness. The thermal boundary conduc
tances of these interfaces are different at various interface 
roughnesses even for the same material pair. This phenomenon is 
attributed to different interface scattering strengths along the 
same and opposite directions of heat flux, caused by the different 
mean free paths of phonons in each material and different 
transmissivities in two directions. Considering the nonidentical 
interface roughness, the thermal boundary conductance of one 
interface varies with its roughness, and those of other interfaces 
are affected even their roughnesses are not changed. After ana
lyses, the variation pattern of thermal boundary conductance of 
one interface is found to be mainly affected by the variation of its 
own roughness, determining the variation pattern of its trans
missivity with the phonon frequency, similar to bilayer films. 
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Meanwhile the variation patterns of thermal boundary conduc
tance of other interfaces are found to be affected by multiple 
reflections and transmissions at multiple interfaces when 
changing one interface roughness, which is a special process in 
multilayer films, different from bilayer films.
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